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Overview:

e Lasttime:
— Propositional logics (Syntax, Semantics)
— First-order Logics (Syntax, Semantics)
« Today:
— Propositional natural deduction
e Soundness, completeness

— First-order natural deduction
— Examples
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calculus for reasoning about propositions

DEFINITION
0 sequent
¢17¢27'°'7¢7’L = %D
N ~ - ~—
premises conclusion
wWith ¢1, @2, . .., dn, 1 pPropositional formulas

[0 sequent ¢1, o2, ..., ¢, F ¢ is valid if » can e proved from
premises ¢1, ¢, ..., ¢, Using proof rules of natural deduction

[0 natural deduction consists of 12 basic proof rules and
4 derived rules
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[0 and elimination

PNV e PNY L,
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2 r premise
3 q AEs |
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O implication elimination modus ponens

¢ ¢—Y
—e
(G

p,p— q,p — (@ — r) F risvalid:

] P premise
2 P —q premise
3 p— (¢ —r) premise
4 q —e 2, 1
5 q—r —e 3, 1
6 r —e 9,4
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[1 modus tollens

derived rule

¢—p
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[0 modus tollens derived rule

¢—p
¢

MT

-p — ¢, q - pis valid:

] —-p — ¢ premise

2 —q premise
3 —=p MT 1,2
Vil D e 3
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O implication infroduction
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O implication infroduction

¢ assumption
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[1 orintfroduction
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[0 or elimination

pVqkqVpisvald:

O OO0 A WO N —

¢V

pVgq

Ve

premise
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assumption
Vig 2
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assumption
Vi 4
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ve 1,2-3,4-5

NATURAL DEDUCTION

22



DEFINITION

theorem is logical formula ¢ such that sequent + ¢ is valid

NATURAL DEDUCTION

23



DEFINITION

theorem is logical formula ¢ such that sequent + ¢ is valid

EXAMPLE

pVq— qVplistheorem:;

1

N O O A WON

pVq assumption

P assumption
qVp Vip 2

q assumption
qVop Vi 4

qVp ve 1,2-3,4-5
pVg—qgVp —il-06
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SUMMARY

infroduction elimination
A\ u Al M Ne1 M INSD
o NP @ (0
@ (0
X X
\V4 i Vig L Vig ¢ v w Ve
oV ¢V X
¢
- ¥ 6 ¢—
SN —e
¢ — Y (0
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infroduction elimination
@ . S
——/ —_— _— e
¢ — Y Y MT
¢

TO BE CONTINUED
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[1 contradiction
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DEFINITION

[0 contradiction
¢ N ¢ AN
with ¢ propositional formula

0 new symbol L (“boftom”) represents all contradictions
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[0 bottom elimination
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[0 bottom elimination

0 negation elimination

[0 negation infroduction
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p — q,p — —q F —pis valid;
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2 p — —g premise

3 P assumption
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p — q,p — —q b —pis valid;

] p—q  premise
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3 P assumption
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) —q —e 2,3
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N O O DN

p
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[0 proof by contradiction

derived rule
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[0 proof by contradiction derived rule

[0 laow of excluded middle  derived rule

LEM

¢V g
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p — qt —pVqisvalid:

o N O OO0 A WOWN =

p—4q
“pVp

premise
LEM

-p
—pVq

assumption
Vip 3

pVyg

assumption
—e 1,5
Vio 6

pVyg

ve 2,34, 5-7
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infroduction elimination
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derived proof rules

PV T LA
¢ ¢
¢
1
—— PBC LEM
0 ¢V ¢
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DEFINITION |

formulas ¢ and vy are provably equivalent (¢ 4 ) if
both ¢ - ¢ and ¢ + ¢ are valid

THEOREM |

proof rules LEM, PBC and ——e are inter-derivable (wrt basic proof rules)
and controversial because they are not consfructive

DEFINITION

classical logicians use all proof rules
intuitionistic logicians do not use LEM, PBC and ——e
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THEOREM
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use induction on length of natural deduction proof
and case analysis of last proof step

PROPOSITIONAL LOGIC: SOUNDNESS

36



PROOF IDEA (SOUNDNESS)

use induction on length of natural deduction proof
and case analysis of last proof step

PROBLEM

initial part of proof need not correspond to sequent with same premises

1 p—q  premise

2 p — —g premise

3 P assumption
4 q —e 1,3

) —q —e 2,3

6 1 -e4,5

/ —p = 3-6

PROPOSITIONAL LOGIC: SOUNDNESS 36



PROOF IDEA (SOUNDNESS)

use induction on length of natural deduction proof
and case analysis of last proof step

PROBLEM

initial part of proof need not correspond to sequent with same premises

1 p—gq  premise p—q,p—qkp—q
2 p— —q premise p—q,p— qkp— —q
3 P assumption
4 q —e 1,3
) —q —e 2,3
6 1 -e 4,5
/ —p - 3-6 p—q,p— gk -p
AM__

PROPOSITIONAL LOGIC: SOUNDNESS 36



PROOF IDEA (SOUNDNESS)

use induction on length of natural deduction proof
and case analysis of last proof step

PROBLEM

initial part of proof need not correspond to sequent with same premises

1 p—gq  premise p—q,p—qkp—q
2 p— —q premise p—q,p— qkp— —q
3 P assumption ?
4 q —e 1,3 ?
5 —q —e 2,3 ?
6 1 -e 4,5 ?
/ —p - 3-6 p—q,p— gk —p
AM__
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SOLUTION

add assumptions fo sequents

] p—q  premise

2 p — —g premise
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SOLUTION

add assumptions fo sequents

1 p—gq premise p—¢p— gk p—gq
2 p— —q premise p—q¢p——qF p——q
3 D assumption p—q,p— g pEp

4 q —e 1,3 p—qp—"gphtq

S —q —e 2,3 p—qp— g pE g
6 1 -e4,5 p—q,p——q, pt L

/ —p - 3-6 p—q,p— g —p

DEFINITION

extended sequent

ibl)qan--'aqbg;y17¢27°--7¢ﬂ3 = X

N~~~
premises assumptions  conclusion
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] pAqg—T premise

2 D assumption
3 q assumption
4 pAq N 2,3

) r —e 1,4

6 q—r —i 3-5

/ p—(qg—r) —i2-6

pANq—1r F pANg—r
pAg—Tip P
PAg—T;pq g
pAg—Tip,qg F DAg
pAgq—Tipqg T
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] pAqg—T premise

2 D assumption
3 q assumption
4 pAq N 2,3

5 r —e 1,4

6 q—r —i 3-5

/ p—(qg—r) —i2-6

SOUNDNESS PROOF |

by induction on length of proof of

we show that

(I)l;q)g |_ w

D, Py F Y

pANqg—1r F pANqg—T
pAg—Tip P
PAg—T;pq g
pAg—Tip,qg F DAg
pAgq—Tipqg T
pAgq—TipFEg—r
pAqg—T F p—(qg—T)
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CLAIM |

(I)l;q)g = w is valid — (I)l,(I)Q = w

BASE CASES |

[ premise ved — P,P3 F ¢
O assumption v ey — &1,P5 F o
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O assumption v ey — &1,P5 F o

INDUCTION STEP | case analysis of last proof step
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[ premise ved — P,P3 F ¢
O assumption v ey — &1,P5 F o

INDUCTION STEP | case analysis of last proof step

Al ap = by Ao
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CLAIM |

(I)l;q)g = w is valid — (I)l,(I)Q = w

BASE CASES |

[ premise ved — P,P3 F ¢
O assumption v ey — &1,P5 F o

INDUCTION STEP | case analysis of last proof step
A =11 Ao
shorter proofs &,;®3 F 1 and &q; P35 F s with & &35 C &,

induction hypothesis: &, ®3 E ;1 and &, ®3 = o»

hence: v(¢p)=T VopeP,,P2 —

l

(1) =0(¢p2) =T
= V(Y1 AN2) =T

—

I
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INDUCTION STEP case analysis of last proof step
—l W =1 — g
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INDUCTION STEP | case analysis of last proof step
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INDUCTION STEP | case analysis of last proof step

—l W =1 — g
shorter proof ®1;®s, 11 F Yo

induction hypothesis: &1, ®2,11 F 1)
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INDUCTION STEP | case analysis of last proof step
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INDUCTION STEP | case analysis of last proof step

—l W =1 — g
shorter proof ®1;®s, 11 F Yo

induction hypothesis: &1, ®2,11 F 1)
suppose: v(p) =T V¢ e Py, Py

(1) = F

(Y1) =T

I

—
—

l
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INDUCTION STEP | case analysis of last proof step

—i Y =1 — P2
shorter proof ®1;®s, 11 F Yo
induction hypothesis: &1, Po,91 F o
suppose: v(p) =T V¢ e Py, Py

(1) =F v(Yr — th2) =1

(Y1) =T

I

—
—

Cl
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INDUCTION STEP | case analysis of last proof step

—l W =1 — g
shorter proof ®1;®s, 11 F Yo

induction hypothesis: &1, ®2,11 F 1)
suppose: v(p) =T V¢ e Py, Py

(1) =F v(Yr — th2) =1

1
(Y1) =T v(p) =T Voe &, P2,9n

I

—
—

Cl
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INDUCTION STEP | case analysis of last proof step

—l ) =11 — o
shorter proof ®1;®s, 11 F Yo
induction hypothesis: &1, ®2,11 F 1)

suppose: v(p) =T V¢ e Py, Py

’l_)(wl) =F = ?7(1@1 — ¢2) =T
(1) =T = v(¢)=T Vo€ P1,P2,9n
== ’5(1@2) =T
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INDUCTION STEP | case analysis of last proof step

—l W =1 — g
shorter proof ®1;®s, 11 F Yo

induction hypothesis: &1, ®2,11 F 1)
suppose: v(p) =T V¢ e Py, Py

v(p1) =F = (1 —h2) =T

() =T = o(¢p)=T v¢€<1>1 P2, 91
—  0(¢2) =
— (Y1 ):T

PROPOSITIONAL LOGIC: SOUNDNESS
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INDUCTION STEP case analysis of last proof step

shorter proofs &,;®3 F ¢ and &;;®3 - —)' with &3, d3 C &,
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INDUCTION STEP case analysis of last proof step

shorter proofs &,;®3 F ¢ and &;;®3 - —)' with &3, d3 C &,
induction hypothesis: &, ®3 E ¢ and &;,®3 F -’

hence: 4(¢) =T Vopc®,® = (¢p)=T Voc oo} 3
— o) =T and o(-') =T
= (' A) =T
— (L) =T
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INDUCTION STEP case analysis of last proof step

shorter proofs &,;®3 F ¢ and &;;®3 - —)' with &3, d3 C &,
induction hypothesis: &, ®3 E ¢ and &;,®3 F -’

hence: 4(¢) =T Vopc®,® = (¢p)=T Voc oo} 3
— o) =T and o(-') =T
= (' A) =T
— (L) =T

hence: &,,95 F L
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THEOREM |

propositional logic is complete:

P1, P2, ..

,gbn|:¢ — ¢17¢27'°'a¢n|_¢

all frue statements can be proved

is valid
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THEOREM |

propositional logic is complete:

P1, P2, ..

7¢7’L |:¢ — ¢17¢27---7¢n "¢

all frue statements can be proved

PROOF STRUCTURE |

O F¢1r— (2= (- (on —9)--))

is valid
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THEOREM |

propositional logic is complete:

¢1,¢2,---,¢n | ¢ — qbl,qbg,...,qbn - ¢ is valid

all frue statements can be proved

PROOF STRUCTURE |

O Edr— (2= (- (pn— 1)) easy
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THEOREM |

propositional logic is complete:

¢1,¢2,---,¢n | ¢ — qbl,qbg,...,qbn - ¢ is valid

all frue statements can be proved

PROOF STRUCTURE |

O E¢1—(p2—= (- (P —)--+)) easy
O F¢r— (¢p2— (- (¢ — )--+)) isvalid
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THEOREM |

propositional logic is complete:

¢1,¢2,---,¢n | ¢ — qbl,qbg,...,qbn - ¢ is valid

all frue statements can be proved

PROOF STRUCTURE |

O FE¢r— (g2 — (- (pn — ) -+)) eqasy
O F 1 — (do — (- (b — ) ---)) s valid difficult
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THEOREM |

propositional logic is complete:

¢1,¢2,---,¢n | ¢ — qbl,qbg,...,qbn - ¢ is valid

all frue statements can be proved

PROOF STRUCTURE |

O FE¢r— (g2 — (- (pn — ) -+)) eqasy
O F 1 — (do — (- (b — ) ---)) s valid difficult

O ¢1,02,...,0n is valid
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THEOREM |

propositional logic is complete:

¢1,¢2,---,¢n | ¢ — qbl,qbg,...,qbn - ¢ is valid

all frue statements can be proved

PROOF STRUCTURE |

O E¢1—=(p2—= (- (on =) 1)) easy
O F¢1— (2 — (- (P — ) --+)) s valid difficult
O ¢1,p2,...,0, H1 isvalid easy
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L] ¢17¢27---,¢n':¢

—

= o1 (2= (- (00 = 0) )
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] ¢17¢27°'°a¢n|:¢ — |:¢1_>(¢2_>(<¢n_>¢)>)

PROOF |

[0 suppose F ¢p1 — (¢p2 — (- (¢pn — ¥)--+)) does not hold
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] ¢17¢27°'°a¢n|:¢ — |:¢1_>(¢2_>(<¢n_>¢)>)

PROOF |

[0 suppose F ¢p1 — (¢p2 — (- (¢pn — ¥)--+)) does not hold

[0 3 valuation v with v(¢1) = -+ =v(¢n) =Tand v(y) = F
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] ¢1,¢2,...,¢n|:¢ — |:¢1_>(¢2_>((¢n_>¢)))

PROOF |

[0 suppose F ¢p1 — (¢p2 — (- (¢pn — ¥)--+)) does not hold
O 3 valuation v with ¥(¢1) = --- = 9(¢n) =Tand v(yp) = F

O ¢1,02,...,¢0n F v doesnot hold

]
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O F¢r— (p2— (- (¢ —)--+)) isvalid
b1, P2, ..., 0, 1 isvalid

—
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O F¢r— (p2— (- (¢ —)--+)) isvalid
b1, 2, ..., ¢n F1p isvalid

PROOF |

O I proofof ¢ — (g2 — (- (P — ) --+))

—
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b1, 2, ..., ¢n F1p isvalid

PROOF |

O II. proofof o1 — (g2 — (-

0 proof of o1,¢2,...,0,
01

Pn

)) s valid

—

)

premise

premise
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O F¢r— (p2— (- (¢ —)--+)) isvalid
b1, 2, ..., ¢n F1p isvalid

PROOF |

—

O I proofof ¢ — (g2 — (- (P — ) --+))

0 proof of o1,¢2,...,0,
D1
On,
II
P1 — (P2 = (- (I — ) -+))

premise

premise
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O F¢r— (p2— (- (¢ —)--+)) isvalid —
b1, 2, ..., ¢n F1p isvalid

PROOF |

O I proofof ¢ — (g2 — (- (P — ) --+))
0 proof of o1,¢2,...,0,

o1 premise

On premise
I1

o1 — (P2 = (- (Pn = ¢¥)--+))

G2 = (- (P — ) -) —e
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O F¢r— (p2— (- (¢ —)--+)) isvalid
b1, 2, ..., ¢n F1p isvalid

PROOF |

—

O II: proofof F¢1 — (p2 — (- (¢n — ) ---))

0 proof of o1,¢2,...,0,

o1 premise
On premise
IT

1 — (P2 = (- (¢ = ¥)--+))

P2 = (- (P — ) -) —e

(0 —€

]
AN
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0 F¢ = Fo¢

DEFINITION |

valuation v, formula ¢
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0 F¢ = Fo¢

DEFINITION |

valuation v, formula ¢

MAIN LEMMA |

vV formula ¢ V valuation v

p1,.-.,pnA@redlatomsing = (p1)",...,{(pn)" F (¢)" isvalid

every line in fruth fable corresponds to valid sequent
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PROOF |

induction on the structure of ¢

BASE CASE |

»=0p
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PROOF |

induction on the structure of ¢

BASE CASE |
¢=p
O vp)=T (p’=()"=p

pEp

is valid
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PROOF |

induction on the structure of ¢

BASE CASE |
¢ —

g~

[ T
O vip)=F  (p”=(4)"=-p

pkp isvalid

—p = —p is valid
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PROOF |

induction on the structure of ¢

BASE CASE |
¢=p

O o) =T (p)’'=(@"=p
O vp)=F ()" =(@"=-p

INDUCTION STEP | 4 cases

pkp isvalid

—p = —p is valid
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PROOF |

induction on the structure of ¢

BASE CASE |

¢=p
O vp)=T "= {@"=p pkp isvalid
O v(p)=F ®"=(@)"=-p  —pk-p isvald
INDUCTION STEP | 4 cases

¢ =

induction hypothesis:  (p1)”,..., (pn)" F ()" isvalid — II
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PROOF |

induction on the structure of ¢

BASE CASE |

¢=p
O vp)=T "= {@"=p pkp isvalid
0 vpp)=F {@"'=@)"=-p —pt-p isvald
INDUCTION STEP | 4 cases

¢ =

induction hypothesis:  (p1)Y,...,(pn)" F ()? isvalid — II
0 o(e) =T (9)" =¢=—-¢= ()"
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PROOF |

induction on the structure of ¢

BASE CASE |

¢=p
O vp)=T "= {@"=p pkp isvalid
0 vpp)=F {@"'=@)"=-p —pt-p isvald
INDUCTION STEP | 4 cases

¢ =

induction hypothesis:  (p1)”,..., (pn)" F ()" isvalid — II
0 (o) =T (9)" =¢="¢= ()"

O v(g)=F (¢)"=—¢=-¢ and )" =9
extend 11 with ——i fo get proof of (p1)”, ..., (pn)" F ()"

AM__
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INDUCTION STEP O = Y1 N P2
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INDUCTION STEP O = Y1 N P2

let ¢1,...,q be allatomsiny; and rq, ..

., All atoms in -
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INDUCTION STEP | ¢ = 41 Aty

let ¢1,...,q be allatomsiny; and rq, ..

H: (q1)", ... ()" F (1) and (r)7, ...,

., All atoms in -

(re)” + (p2)¥ are valid
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INDUCTION STEP | ¢ = 41 Aty

let ¢1,...,q be allatomsiny; and rq, ..
IH: (q1)",...,{(q)" F (¥1)" and (r1)",...,
(p1)°, ..., (pn)" F (1)? and (p1)",...,

., T, All atoms in ¢
(re)” + (p2)¥ are valid
(pn)? F (2h2)¥ are valid
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INDUCTION STEP | ¢ = 41 Aty

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)” F (y»2)* are valid
(p1)%, ..., (pn) F ()Y and (p1)", ..., (pn)" F (Y2)” are valid
(p1)%, -y (pn)” F (1) A {(1h2)? s valid (using Al)
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INDUCTION STEP | ¢ = 41 Aty

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)” F (y»2)* are valid
(p1)%, ..., (pn) F ()Y and (p1)", ..., (pn)" F (Y2)” are valid
(p1)%, -y (pn)” F (1) A {(1h2)? s valid (using Al)

O o(¢1) =T, 0(2) =T ()" =1 A2 = (P1)" A (12)°
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INDUCTION STEP | ¢ = 41 Aty

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

H: (g1)?, ..., (q)" F (1)® and (r1)7,..., (m)" F (2)° are valid
(p1)?, ..., (pn) F (1) and (p1)?, ..., (pn)" F (2)¥ are valid

(p1)%, -y (pn)” F (1) A {(1h2)? s valid (using Al)
O (1) =T o(Y2) =T (@)" =1 A = (¥1)" A (¢2)"

O o(y1) =T, 0(p2) =F ()" = (1 Ap2), (¥1)" A ()" = 1 A 2

I
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INDUCTION STEP | ¢ = 41 Aty

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)” F (y»2)* are valid
(p1)%, ..., (pn) F ()Y and (p1)", ..., (pn)" F (Y2)” are valid
(p1)%, -y (pn)” F (1) A {(1h2)? s valid (using Al)

O o(¢1) =T, 0(2) =T ()" =1 A2 = (P1)" A (12)°

O o) =T 0(2) =F ()" = =(th1 Ah2), (1)" A (2)” = b1 A )2
to prove: 1 A —pa B (1 Apg) IS valid
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INDUCTION STEP | ¢ = 41 Aty

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)” F (y»2)* are valid
(p1)%, ..., (pn) F ()Y and (p1)", ..., (pn)" F (Y2)” are valid
(p1)%, -y (pn)” F (1) A {(1h2)? s valid (using Al)

O o(¢1) =T, 0(2) =T ()" =1 A2 = (P1)" A (12)°

O o) =T 0(2) =F ()" = =(th1 Ah2), (1)" A (2)” = b1 A )2
to prove: 1 A —pa B (1 Apg) IS valid

O o(y1) =F 0(¥2) =T ($)" = (1 Ah2), (1) A (9h2)” = =tb1 A ia
to prove: =1 Aa B =(1 Apg) IS valid
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INDUCTION STEP | ¢ = 41 Aty

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)” F (y»2)* are valid
(p1)%, ..., (pn) F ()Y and (p1)", ..., (pn)" F (Y2)” are valid
(p1)%, -y (pn)” F (1) A {(1h2)? s valid (using Al)

O o(¢1) =T, 0(2) =T ()" =1 A2 = (P1)" A (12)°

O o) =T 0(2) =F ()" = =(th1 Ah2), (1)" A (2)” = b1 A )2
to prove: 1 A —pa B (1 Apg) IS valid

O o(y1) =F 0(¥2) =T ($)" = (1 Ah2), (1) A (9h2)” = =tb1 A ia
to prove: =1 Aa B =(1 Apg) IS valid

O o(1) =F. 9(2) =F (9)" = (1 Ah2). (1)" A (2)" = =b1 A o
to prove: -1 A —pa B =(h1 Aap2) is valid

PROPOSITIONAL LOGIC: COMPLETENESS 47



INDUCTION STEP O =1 V Yo
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INDUCTION STEP O =1 V Yo

let ¢1,...,q be allatomsin ¢, and rq,..

., rx All atoms in 15
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INDUCTION STEP | ¢ = 41 V 1

let ¢1,...,q be allatomsin ¢, and rq,..

H: (q1)Y, ... ()" F (1) and (r)7, ...,

., rx All atoms in 15

(re)” + (2p2)” are valid

PROPOSITIONAL LOGIC: COMPLETENESS

48



INDUCTION STEP | ¢ = 41 V 1

let ¢1,...,q be allatomsin ¢, and rq,..
IH: (q1)",...,{(q)" F (¥1)" and (r1)",...,
(p1)7, ..., (pn)" F ()Y and (p1)",...,

., T, Allatoms in ¢
(re)” + (2p2)” are valid
(pn)? F (2h2)¥ are valid
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48



INDUCTION STEP | ¢ = 41 V 1

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)" F (y»2)* are valid
(p1)¥, ..., (pn)” F (1)? and (p1)?,...,{(pn)" F (¢2)* are valid
(p1)%, -y (pn)” F (1) A {(1h2)? isvalid (using Al)
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INDUCTION STEP | ¢ = 41 V 1

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)" F (y»2)* are valid
(p1)¥, ..., (pn)” F (1)? and (p1)?,...,{(pn)" F (¢2)* are valid
(p1)%, -y (pn)” F (1) A {(1h2)? isvalid (using Al)

O oY1) =T, 09(12) =T (9)" =1 V2, (1)" A (2)" = 91 A2
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INDUCTION STEP | ¢ = 41 V 1

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)" F (y»2)* are valid
(p1)¥, ..., (pn)” F (1)? and (p1)?,...,{(pn)" F (¢2)* are valid
(p1)%, -y (pn)” F (1) A {(1h2)? isvalid (using Al)

O o(y1) =T 0(h2) =Tt (@) =11 Vaba, (1)" A (2)” = b1 Aiba
fo prove: 1 Ay ap1 Vapy IS valid
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INDUCTION STEP | ¢ = 41 V 1

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)" F (y»2)* are valid
(p1)¥, ..., (pn)” F (1)? and (p1)?,...,{(pn)" F (¢2)* are valid
(p1)%, -y (pn)” F (1) A {(1h2)? isvalid (using Al)

O o(y1) =T 0(h2) =Tt (@) =11 Vaba, (1)" A (2)” = b1 Aiba
fo prove: 1 Ay ap1 Vapy IS valid

O (Y1) =T, 0(¢2) =F (@) =91 Vb2, (1)" A (¢h2)” = 91 A 2
tfo prove: 11 A —pg a1 Vapo IS valid
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INDUCTION STEP | ¢ = 41 V 1

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)" F (y»2)* are valid
(p1)¥, ..., (pn)” F (1)? and (p1)?,...,{(pn)" F (¢2)* are valid
(p1)%, -y (pn)” F (1) A {(1h2)? isvalid (using Al)

O o(y1) =T 0(h2) =Tt (@) =11 Vaba, (1)" A (2)” = b1 Aiba
fo prove: 1 Ay ap1 Vapy IS valid

O (Y1) =T, 0(¢2) =F (@) =91 Vb2, (1)" A (¢h2)” = 91 A 2
tfo prove: 11 A —pg a1 Vapo IS valid

O 9(¢1) =F, 0(p2) =T (¢)" = Y1 Vapa, (11)" A (2)” = —tb1 A )2
fo prove: —p1 Ao Epy Vape IS valid
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INDUCTION STEP | ¢ = 41 V 1

let q1,...,q be dllatomsin vy, and ri,...,rg all atfoms in -

IH: (g1)",...,(q)" F (1)” and (r)",...,(re)" F (y»2)* are valid
(p1)¥, ..., (pn)” F (1)? and (p1)?,...,{(pn)" F (¢2)* are valid
(p1)%, -y (pn)” F (1) A {(1h2)? isvalid (using Al)

O o(y1) =T 0(h2) =Tt (@) =11 Vaba, (1)" A (2)” = b1 Aiba
fo prove: 1 Ay ap1 Vapy IS valid

O (Y1) =T, 0(¢2) =F (@) =91 Vb2, (1)" A (¢h2)” = 91 A 2
tfo prove: 11 A —pg a1 Vapo IS valid

O 9(¢1) =F, 0(p2) =T (¢)" = Y1 Vapa, (11)" A (2)” = —tb1 A )2
fo prove: —p1 Ao Epy Vape IS valid

O o(¢1) =F 0(2) =F (9)” = =(¢1 Vh2), (1)" A (¥h2)" = —9h1 A 1o
to prove: =iy A —po = (2P1 Vapa) s valid
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INDUCTION STEP | ¢ = 46, — o)

let ¢4, ...
IH: <q1>v, ceey

<p1>v, c ey

,q; be allatoms in ¥ and rq, ..., r, all atoms in -
(@)” F ()" and (r)Y, ..., (rL)" F ()" are valid
(pn)® F (1)¥ A (2)¥ isvalid (as before)
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INDUCTION STEP | ¢ = 46, — o)

let ¢1,...,q be dllatomsiny; and rqi,...,rx dll afoms in -
IH: (q1)",...,{(q)" F (¥1)” and (r1)", ..., (re)" F {(12)Y are valid
(p1)7, .-, (pn)” F (1h1)" A (1h2)" s valid (as before)

0 o(Y1) =T, 0(Y2) =T (9)" =1 — b2, (P1)" A (9h2)" = b1 Ao
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INDUCTION STEP | ¢ = 46, — o)

let ¢1,...,q be dllatomsiny; and rqi,...,rx dll afoms in -
IH: (q1)",...,{(q)" F (¥1)” and (r1)", ..., (re)" F {(12)Y are valid
(p1)7, .-, (pn)” F (1h1)" A (1h2)" s valid (as before)

O o(yr) =T o(2) =T (9)" =1 — Y2, (Y1)" A (¢2)" = Y1 A2
fo prove: 1 Ae F P — o IS valid

0 o(gr) =T 0(2) =F0 (9)" = =(P1 — 4b2), (P1)" A (h2)" =1 A =ty
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INDUCTION STEP | ¢ = 46, — o)

let ¢1,...,q be dllatomsiny; and rqi,...,rx dll afoms in -
IH: (q1)",...,{(q)" F (¥1)” and (r1)", ..., (re)" F {(12)Y are valid
(p1)7, .-, (pn)” F (1h1)" A (1h2)" s valid (as before)

O o(yr) =T o(2) =T (9)" =1 — Y2, (Y1)" A (¢2)" = Y1 A2
fo prove: 1 Ae F P — o IS valid

O () =T o(Y2) =F ($)" = (1 — 2). (¥1)" A (P2)" = th1 A2
to prove: 1 A —pa E (1 — hg) IS valid

PROPOSITIONAL LoGIC: COMPLETENESS 49



INDUCTION STEP | ¢ = 46, — o)

let ¢1,...,q be dllatomsiny; and rqi,...,rx dll afoms in -
IH: (q1)",...,{(q)" F (¥1)” and (r1)", ..., (re)" F {(12)Y are valid
(p1)7, .-, (pn)” F (1h1)" A (1h2)" s valid (as before)

O o(yr) =T o(2) =T (9)" =1 — Y2, (Y1)" A (¢2)" = Y1 A2
fo prove: 1 Ae F P — o IS valid

O () =T o(Y2) =F ($)" = (1 — 2). (¥1)" A (P2)" = th1 A2
to prove: 1 A —pa E (1 — hg) IS valid

O o(y1) =F, 0(¢2) =T (9)" =1 — Y2, (P1)" A (¢2)” = —th1 Ao
fo prove: —p1 Ao F Yy — hy IS valid

PROPOSITIONAL LoGIC: COMPLETENESS 49



INDUCTION STEP | ¢ = 46, — o)

let ¢4, ...
IH: <q1>v, ceey

<p1>v, c ey

,q; be allatoms in ¥ and rq, ..., r, all atoms in -
(@)” F ()" and (r)Y, ..., (rL)" F ()" are valid
(pn)® F (1)¥ A (2)¥ isvalid (as before)

O o(yr) =T o(2) =T (9)" =1 — Y2, (Y1)" A (¢2)" = Y1 A2
fo prove: 1 Ae F P — o IS valid

O () =T o(Y2) =F ($)" = (1 — 2). (¥1)" A (P2)" = th1 A2
to prove: 1 A —pa E (1 — hg) IS valid

O o(y1) =F, 0(¢2) =T (9)" =1 — Y2, (P1)" A (¢2)” = —th1 Ao
fo prove: —p1 Ao F Yy — hy IS valid

O o(y1) =F, 0(¢2) =F (9)" =1 — a2, (P1)" A (¢2)” = b1 A —io
fo prove: —p1 A o Eap1 — 1o IS valid
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INDUCTION STEP | ¢ = 46, — o)

let ¢1,...,q be dllatomsiny; and rqi,...,rx dll afoms in -
IH: (q1)",...,{(q)" F (¥1)” and (r1)", ..., (re)" F {(12)Y are valid
(p1)7, .-, (pn)” F (1h1)" A (1h2)" s valid (as before)

O o(yr) =T o(2) =T (9)" =1 — Y2, (Y1)" A (¢2)" = Y1 A2
fo prove: 1 Ae F P — o IS valid

O () =T o(Y2) =F ($)" = (1 — 2). (¥1)" A (P2)" = th1 A2
to prove: 1 A —pa E (1 — hg) IS valid

O o(y1) =F, 0(¢2) =T (9)" =1 — Y2, (P1)" A (¢2)” = —th1 Ao
fo prove: —p1 Ao F Yy — hy IS valid

O o(y1) =F, 0(¢2) =F (9)" =1 — a2, (P1)" A (¢2)” = b1 A —io
fo prove: —p1 A o Eap1 — 1o IS valid

_]
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0 Eo — = ¢

CONSTRUCTION |

suppose E ¢
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0 Eo — = ¢

CONSTRUCTION |

suppose E ¢

0 Vvaluationv (¢)" = ¢
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U Fo — t¢

CONSTRUCTION |

suppose F ¢

0 Vvaluationv (¢)" = ¢

0 Vvaluationv (p1)?,...,

(pn)? F ¢ s valid sequent
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0 Eo — = ¢

CONSTRUCTION |

suppose F ¢
0 Vvaluationv (¢)" = ¢
0 Vvaluationv (p1)?,...,(pn)" F ¢ Iisvalid sequent
[0 combine all proofs of these sequents info proof of
=
by applying LEM 2™ — T times
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valuation

sequent

proof

P q
V1 T T
V2 T F
U3 F T
V4 F F

p,g - pANg—q
p,7q E pANg—q
p,q F pANg—q

P, ¢ F pAg—q

PROPOSITIONAL LOGIC: COMPLETENESS
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valuation p gq sequent proof
v1 T T p,q F pAg—q I,
V2 T F| pqF pAg—q I1
U3 F T -p,qg F pANqg—q I13
V4 F F| -wp,— gt pAqg—q I14
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valuation p gq sequent proof

v1 T T p,q F pAg—q I,

V2 T F| p,qF pANg—q I1

U3 F T -p,qg F pANqg—q I13

U4 F F|-p,—qF pAg—q I14
pV-p LEM
p ass —p ass
gV —-q LEM gV —-q LEM
q ass | | g ass| ||| q ass | | g ass
T - T, - 5 - LTI,
PANqg—q PANqg—q PANqg—q PANqg—q
pANq—q V€ pANq—q V€
pAqg—q Ve

AM__
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NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

infroduction elimination
u /\i M AE€1 M =Y
O NP ¢ (0
¢ (0
X X
V L Vig L Vi ¢ M w Ve
oV oV X
¢
- o 6 ¢— 1
SN —e
»— (0
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infroduction elimination
@
B 1
r ¢ —¢
- —1e
1
1 — le
@
_|_|¢
—— — e
@
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derived proof rules

¢— MT o
= =g
=
1
—— PBC LEM
b ¢V~
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PREDICATE LOGIC

concepft notation infended meaning

predicate symbols P, Q. R, A, B relafions over domain

function symbols f.g.h,ab functions over domain

variables T, Y, 2 (unspecified) elements of domain
quanftifiers v, d for all, for some

connectives -, A\, V, —

REMARKS |

[0 function and predicate symbols fake a fixed number of
arguments (arity)

[0 function and predicate symbols of arity O are called constants

0 =is designated predicate symbol of arity 2

PREDICATE LOGIC @4



NATURAL DEDUCTION RULES FOR EQUALITY

[0 equality infroduction

PREDICATE LOGIC: NATURAL DEDUCTION
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NATURAL DEDUCTION RULES FOR EQUALITY

[0 equality infroduction

0 equality elimination (replace equals by equals)

t1 = t2 plti/z]
Plt2/]

provided t; and t; are free for z in ¢
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s=tFt=sisvalid:

] s =1 premise
s=35 =

t=s =e1,2
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s=tFt=sisvalid:

] s =1 premise

s=s =l
t=s =el,2 with o =(x =35s),t1 =s.ta =1t
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s=tFt=sisvalid:

] s =1 premise
s=s =

t=s =e1,2 with ¢ = (x = s),t1 = s, ta =t

s=tt=ut s=wuisvalid:

| s =1 premise
t=u premise
s=u =€2,] withgp = (s=2x),t1 =t. ta = u
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NATURAL DEDUCTION RULES FOR UNIVERSAL QUANTIFICATION

O V elimination
Va ¢
o[t/ ]

Ve

provided t is free for x in ¢
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NATURAL DEDUCTION RULES FOR UNIVERSAL QUANTIFICATION

[0 V elimination
Va ¢

ve

o[t/ x|

provided t is free for x in ¢
[ Vintroduction
X0
¢lzo/]
Vi
Va ¢

where xq is fresh variable that is used only inside box
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Ve (P(x) — Q(x)),Vz P(x) -V Q(x) IS

valid:

1 Ve (P(x) — Q(x)) premise
2 Vo P(x premise
3 xo P(xo) — Q(x0) ve 1

4 P(xo) Ve 2

O Q(xo) —e 3,4
7 Va Q(x) Vi 3-5

PREDICATE LOGIC: NATURAL DEDUCTION
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P —VrQ(zx)F V(P — Q(x)) is valid:

| P — Vx Q(x) premise

2 20

3 P assumption
4 Vr Q(x) —e 1,3

S Q(xo) ve 4

6 P — Q(xo) —i 3-5

/ Ve (P — Q(x)) Vi2-6
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NATURAL DEDUCTION RULES FOR EXISTENTIAL QUANTIFICATION

[0 dinfroduction

o[t/ ]
dz ¢

i

provided t is free for x in ¢
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NATURAL DEDUCTION RULES FOR EXISTENTIAL QUANTIFICATION

[0 dinfroduction

o[t/ ]
dz ¢

i

provided t is free for x in ¢

1 3 elimination

ro  Plro/x]

dx ¢ X

Je
X

where xq is fresh variable that is used only inside box

PREDICATE LOGIC: NATURAL DEDUCTION 121



Vx ¢ F dx ¢ is valid:

] Va ¢ premise
2 dlx/x] Vel
3 Jx ¢ i 2
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Vx ¢ F dx ¢ is valid:

] Va ¢ premise

2 olx/x] Vel
3 Jx ¢ i 2

Ve (P(z) — Q(x)), 3z P(x) F Jz Q(x) is valid:

1 Ve (P(x) — Q(x)) premise

2 Jx P(x) premise

3 xo P(xo) assumption

4 P(xo) — Q(xo) ve 1

5 Q (o) —e 4,3

6 Jz Q(x) 31 5

/ Jz Q(x) de 2,3-6

AN
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dr P(x),Vx Vy (P(z) — Q(y)) F Yy Q(y) is valid:

1 dz P(x) premise

2 Ve Vy (P(z) — Q(y)) premise

3 Yo

4 xo P(xo) assumption
5 Vy (P(zo) — Q(y))  Ve2

0 P(z0) — Q(yo) ve 5

/ Q(yo) —e0.,4

8 Q(yo) Je 1,4-7

Q Yy Q(y) Vi 3-8

PREDICATE LOGIC: NATURAL DEDUCTION
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—Vx ¢ F dx ¢ is valid;

—

O VW 0 N O OO0 A O DN

e

=V ¢ premise

—dx ¢  aAssumption
Lo

—¢lro/x] aAssumption

dx —¢ i 4

1 -e b, 2

olro/x]  PBC 4-6

Vr ¢ Vi 3-7

1 —-e 8, 1

Az ¢ PBC 2-9

PREDICATE LOGIC: NATURAL DEDUCTION
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THEOREM |

VI ¢
Vr ¢ AVx
Vx Yy ¢

QUANTIFIER EQUIVALENCIES

-+ Jz -0
4+ Vz (¢ A)
= VyVz ¢

if = is not free in ¢ then

Ve o A\
dr o Ay
vz (¢ — ¢)
Jz (Y — @)

V(¢ Ap)
3z (¢ AY)
4 — V¢
=

—dr ¢ -+
droVvdry -
drdy ¢ -

Ve oV -
Jr vy -
Vo (¢ — ) -
Iz (¢ — ) -

Va —¢

dz (¢ V )
Jy dz ¢

<
5 8
e
< <

L

=
o ©
L
< € & &

<
8

QUANTIFIER EQUIVALENCIES
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Jz —¢ F =z ¢ is valid:

o N OO N

Jx —¢ premise

Va ¢ assumption
o (—¢)[zo/x] assumption

—(¢[xo/x]) identical

¢|zo/x] Ve 2

1L -e 5,4

1 Je 1, 3-6

VT ¢ —i 2-7

QUANTIFIER EQUIVALENCIES
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Jr ¢V dx 1y F Jx (¢ V ) is valid:

O 00 N O 0o DO N -

D WO N — O

dx ¢V dx Y premise

dz ¢ assumption
xo ¢lxo/T] assumption

Plzo/z] V plzo/x]  Viy 3

(¢ V Y)|[xo/x] identical

3z (¢ V 1) Ji 5

Az (¢ V 1) Je 2, 3-6

dx assumption
xo Ylro/x] assumpftion

Plzo/x] V Plzo/x]  Vip 9

(6 V)[xo/x] identical

Az (¢ V 1) i 11

Jz (¢ V 1) Je 8,9-12

Jz (¢ V 1) ve 1,2-7,8-13
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dz (¢ V ) F Jx ¢ Vv Jx 9 is valid:

] dx (¢ V 1) premise
2 xo (¢ V)|xo/x] assumption
3 olxo/x| V plxo/x] identical
4 olro/x] assumption
) Jx ¢ Ji 4
6 dx ¢V dx Vip 5
/ Ylxo /x] assumption
8 Jax 1) =V
Q Jx ¢V Jx 1) Vio 8
10 dx ¢V Jx Y ve 3,4-6, 7-9
11 Jx ¢V Jx 1) Je 1,2-10
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Vx Vy ¢ - Yy Vz ¢ is valid:

O 00 N OO0 O A O N —

Va Yy ¢ premise
Yo
ro (Myod)|zo/x] Vel
Vy (¢lxo/z])  identical
¢lzo/x]lyo/y] Vel
dlyo/y][zo/x] identical
Vo (¢[yo/y])  Vi3-0
(Vz ¢)[yo/y] identical
Vy Vx ¢ Vi 2-8
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Jx Jy ¢ F Jy Iz ¢ is valid:

O O 00 N O O B O N —

e

Jz 3y ¢ premise

ro (Jy@)lro/x] assumption
Jy (¢[zo/z])  identical

Yo ¢lxo/x][yo/y] assumption
dlyo/yl[xo/x] identical
3z (lyo/y])  Tid
(3x ¢)[yo/y]  identical
Jy Jz ¢ 3i 7
Jy dx ¢ de 3,4-8
Jy 3z ¢ Je 1,2-9
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Ve g Ny =V (¢ A)is valid (provided z is not free in v):

~N O O BN —

Vo ¢ A premise
Vo ¢ NIl
WY A€y 1

xo ¢lxo/x] ve 2
dlro/x) N Y Ni 4,3
(¢ Np)[zo/x] identical
Va (¢ A1) Vi 4-6

QUANTIFIER EQUIVALENCIES
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VY (¢ ANY) FVx ¢ Apisvalid (provided z is not free in v):

1 YV (¢ N ) premise
2 ro (pAY)|zo/x] Vel

3 dlro/x] AN identical
4 W A€o 3

5 oo/ x] nep 3

6 Va ¢ Vi 2-5

/ Vo ¢ A N6, 4
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Ve ¢V V(o Vy)isvalid (provided z is not free in v):

] Vo ¢V premise
2 Vr ¢ assumption
3 ro ¢|xo/x] Ve 2
4 dlro/x] VY Vi 3
9 (¢ VY)|xo/x| identical
6 Va (¢ V) Vi 3-5
/ W assumption
8 xo ¢lro/x] VY Vig 7
Q (¢ VY)|xo/x| identical
10 Va (¢ V) Vi 8-9

—
—

Ve (V)  vel,2-6,7-10
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V(¢ V) Vo ¢V is valid (provided z is not free in v):

o N O OO0 A ON -

O

10
11
12
13
14
15

Vz (¢ V) premise

(VAVESKY) LEM

Y assumption

Ve ¢V Vip 3

—) assumption
xo (pVY)|xg/x] Vel

dlro /x| VY identical

dlro/x] assumption

Y assumption

L -e9,5

dlro/x] 1e 10

dlro /] ve7,8,9-11

Vo ¢ Vi 6-12

Vi ¢V Vi 13

Vo ¢V ve 2,3-4,5-14
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Ve (v — ¢) F v — Vz ¢ is valid (provided z is not free in v):

~N O O A OLODN

vz (Y — @) premise

(0 assumption
ro (Y — @)xo/x] Vel

Y — ¢lzo/x]  identical

¢[zo/ ] —e 4,2

VI ¢ Vi 3-5

v —Vr o —i 2-6

QUANTIFIER EQUIVALENCIES

135



Y — V¢ FVr (Y — ¢)is valid (provided z is not free in v):

1 (0 premise

2 o

3 W assumption
4 Va ¢ —e 1,3

5 oo/ x] ve 4

6 Y — plxo/x] —i 3-5

/ (¢ — @)|xo/x] identical

8 Va (¢ — @) Vi 2-7
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Exercises from last week...



1. First find a reasonable signature (constants, function symbols, predicate symbols) and then write
down the following sentences as first order formulas:

e All humans are mortal.
e Socrates i1s a human.

e There exists human which is immortal.

Is it possible to find a model for this set of formulas?

Vo (human(z) — mortal(x))

human(socrates)

dz (human(xz) A =mortal(x))
&=Vx =(human(z) N =mortal(x))
&=Vx =(human(z) A =mortal(x))
&=V (mhuman(x) V ——mortal(x))
&=Vx (mhuman(z) V =—mortal(x))
&=Vx (human(x) — mortal(x))



2. Write down the following sentences as First Order formulae:

e Some animals eat meat. others are vegetarian.

e Animals eating animals are not vegetarian. Grass, Vegetables, Fruits are Plants. Vegetar-
ians only eat plants.

e Farmers are defined as the manufacturers which produce food and hold animals.

e Cows are animals.

e DBelle is a Cow.

e DBelle eats Grass.

e Perro is an a Dog.

e Perro eats Belle.

dz Jy (animal(z) A eats(x,y) A meat(y))
dx (animal(xz) A vegetarian(x))
Vz Yy (animal(x) A eats(z,y) A animal(y) — —wvegetarian(x))
plant(grass) A plant(vegetable) A plant( fruit)
V(vegetarian(x) A eats(z,y) — plant(y))
Vz (farmer(x) < manufacturer(z) A Jy(produces(z,y) A food(y)) A 3z(holds(z, z) A animal(z)))
V(animal(x) «— cow(x))
cow(belle)
eats(belle, grass)
dog(perro)
eats(perro, belle)
Remark: since the theory doesn't state that perro is an animal, a model where perro is a vegetarian is

possible! However, such a model would have strange consequences: —animal(perro), plant(cow)
This becomes clearer when we rewrite the third and the fifth rule...



3. Write down the following sentences about a graph as First Order formulae. Use the binary
predicates edge /2, hasColor /2 and the unary predicate node/1:
e Each node has either the color green, red or blue.

e No two nodes which are connected have the same color.

V(hasColor(x, green) V hasColor(xz,red) V hasColor(x,blue) < node(x))
V(=(hasColor(x,z) A hasColor(y, z)) < edge(x,y))

0 node(1) A node(2) A node(3) A node(4)A
edge(1,2) A edge(1,3) A edge(1,4)A

e’a edge(2,3) N edge(2,4) N edge(3,4)
()

Remarks:
* This set of formulae has no model!
* If you write down these formulae in clausal form, you'll see that the first formula is

not a Horn clause, while the second is.
» The graph can be written down in clausal form (it is a set of facts)!



4. (::i\'(‘ll rh(' f )ll()\'\'ill}_‘; (,'l().\'(‘(l Fil‘.\f Ore l(‘l‘ fnl‘llllll:l:

Yo Jy gt(y.s(x)) ANValz,y.2) — al(s(z), y.s(2)) A alx. null, 7))

(a) Find a model for this formula, i.e. specify an interpretation Z for the alphabet consisting
of the variable symbols x,y, 2z the predicate symbols gt/2.a/3, the constant null and the
function h}'lll| ol \l which evaluates the formula to frue.

(b) Use the evaluation function Val* to evaluate the truth value of

Recall: An Interpretation 7 consists of:

— adomain D over which the variables can range

— for each n-ary function symbol f a mapping ! from D" — D
(particularly each constant is assigned an element of D)

— for each n-ary predicate symbol an n-ary relation over the domain D

Domain: Natural numbers
Constants/Function symbols:
null? =0
s?(x?) = x1+1
Predicate symbols:
gt’(x%y?) = true iff x? > y?
al(x?y?,z?) = true iff x1+y’=21



Exercises this time...

 Show how LEM and PBC follow from the other rules,
l.e. how LEM and PBC can be “emulated” by the
other rules, i.e. you can proof one from the other.

* You should try to do some examples for proofs in
natural deduction yourselves.

— Let’s start with the ones from the completeness proof:
prove: 11 Ao F by Ve is valid
prove: i1 A b by Ve IS valid
prove: —by A —hg E —=(hy Vabe) is valid
prove: 11 A -t F =(1 — ) s valid

 More Examples will be published on the Website by
next Monday, send solutions to me by Nov. 6th





