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1 Introduction

The Semantic Web promises to enable computers to gather machine readable meta-data in the form of RDF
statements published on the Web and make inferences about these statements by means of accompanying
standards such as RDFS and OWL2. While complete OWL2 reasoning is hard — and in many cases even
inappropriate for Web data [1] — (incomplete) rule-based inference is becoming quite popular and supported
by many RDF Stores and query engines: frameworks like GiaBATA [2], Jena, Sesame, OWLIM,! etc.
allow for custom inference on top of RDF Stores, supporting different rule-based fragments of RDFS and
OWL. Several such fragments have been defined in the literature, such as pDF [3], DLP [4], OWL™ [5],
ter Horst’s pD* [6], or SAOR [7], and — more recently — the W3C standardised OWL2RL, a fragment of
OWL implementable purely in terms of rule-based inference [8]. All these fragments have in common that
they are implementable by simple Datalog-like rules over RDF. As an example, let us take (1) the sub-
property rule from RDFS [9, Section 7.3, rule rdfs7], rules (2)—(5) from OWL2RL [9, Section 4.3, rules
prp-inv1,prp-symp,prp-spo2] representing inverse properties, symmetric properties, and property chains:?

() { s P 0 . P subPropertyOf Q . uri(Q) } = {sQo0}

2 { s P O . P inverseOf Q . uri(0) A uri(Q) } = {00 s}

(3) { s P O . P inverseOf Q . blank(0) Auri(Q) } = {00 S}

4 { s P O . P type SymmetricProperty . uri(0) } = {o0oP S}

(5) { s P 0 . P type SymmetricProperty . blank(0) } = { 0P S }

6) { S Py O1. ... Opnp Py O. P propertyChainAziom (Pg ...P,) } = { s P O}
Let Gp be an RDF graph talking about authors and their publications:

(7 Gp = { <http://semanticweb.org/wiki/Pat_Hayes> made <http://www.w3.org/TR/rdf-mt/>.
(8) <http://semanticweb.org/wiki/Pat_Hayes> name "Patrick J. Hayes".

9) <http://www.w3.org/TR/rdf-mt/> creator "Patrick J. Hayes".}

Moreover, let graph G be part of the ontology defining the terms used in G p:

(10) Go = { name subPropertyOf label.

(11 inverseO f type SymmetricProperty.

(12) made inverseOf maker.

(13) maker inverseOf made.

(14) creator propertyChainAziom (maker label). }

When storing the graph G = Gp U G in an RDF Store that supports inference over rules (1)—(6),
different questions of redundancy arise like if some statements may be deleted since they can be inferred
by the rules. In our example, e.g. statement (9) as well as statement (13) may be deleted, since they could
be reproduced by inference. Similarly, suppose that we transfer the graph G = Gp U G to a “weaker”
RDF Store that only supports rules (1)—(3). Then the question is if we thus loose any inferences. In fact,
the answer is no. Interestingly enough, standard rule sets, such as OWL2RL are even known to be non-

minimal [8, Section 4.3].
We thus want to be able to answer the general question about redundancy of both triples and rules.
However, it is often important to limit the minimisation of RDF graphs in such a way that certain consistency

Lef. http://jena.sourceforge.net/, http://openrdf.org/,and http://ontotext.com/owlim/

>We disregard full URIs for common RDF terms, i.e., we just write e.g. inverseOf, for <http://www.w3.0rg/2002/07/
owl#inverseOf>, name for <http://xmlns.com/foaf/0.1/name>, or creator for <http://purl.org/dc/elements/1.
1/>, etc. Further, (P; ... P,) in RDF is short for a fresh variable X plus additional triples X first P1 . Xi; rest Xa.
... X, first P, . X, rest mil . usingreserved terms first, rest, nil.
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conditions must be preserved. These consistency conditions can be expressed by means of constraints [10].
We shall restrict ourselves here to constraints in the form of so-called tuple-generating dependency (tgd)
constraints, which are a generalisation of the familiar foreign-key dependencies in the relational database
world. Roughly speaking, a tgd may be viewed as a generalised rule “read” as constraint. So, for instance, if
we read rules (4)-(5) as constraints, we could say that graph GG alone without rules satisfies these constraints,
and likewise the closure of G with respect to rules (1)-(3) does. Tgd constraints can be more general than
(Horn) rules in that they also allow otherwise unbound, existential variables in the head, possibly occurring
in a larger conjunct. That is, tgds are — rather than rules — constraining queries (in the head) “triggered” by
bindings coming from a query in the body; for instance, a constraint

(15) { Amade D } = { Alabel N .D creator N}

would hold only on graphs where everybody who made something also has a declared label and that label is
also used to denote the creator. Note that constraint (15) holds on the closure of G with respect to rule (1)

but — as opposed to the constraint reading of (4)-(5) — not on G alone.

Next, we are interested in redundancy with respect to queries. This might be particularly relevant for
RDF stores that expose a narrow SPARQL query interface. For instance, suppose that, in our example,
we are interested only in completeness with respect to the query “SELECT ?D ?L { ?D maker ?M . ?M
label 21 }” which is the SPARQL way of writing a conjunctive query:

(16) { D maker M .M label L } — ans(D, L)

In such setting, both rules (3)—(6), as well as triples (9),(11),(13), and (14) can be dropped. Such
redundancy elimination is not unique; for instance, keeping triples (11), (13), and rule (4) we could drop
(12), still preserving completeness.

The primary goal of our work is a systematic complexity analysis of both graph and rule minimisation
under constraints, as well as with respect to queries. To this end, we investigate the influence of several
problem parameters (like restrictions on the size of the rules, constraints, and queries) on the complexity of
detecting redundancy. A first important step in this investigation has been recently made by Meier [11]. He
studied the following problem: Given a graph G, a set R of rules and a set C of tgds, can GG be reduced to
a proper subgraph G’ C @G, such that G’ still satisfies C and the closure of G’ under R coincides with the
closure of G under R? For the special case that both the rules in R and the constraints in C have bounded size
(referred to as b-boundedness), this problem was shown to be NP-complete in [11]. In this paper, we want to
extend the work initiated in [11] and provide a much more fine-grained analysis of the complexity, e.g., by
weakening or strengthening restrictions such as b-boundedness and by considering redundancy elimination
that only preserves RDF entailment (rather than keeping the closure of the original graph under the original
rules unchanged) and additionally considering redundancy with respect to queries.

We shall come up with a collection of complexity results, ranging from tractability to E3P -completeness.
Additionally, we address the orthogonal problems of rule minimisation and the problem of reducing rules or
triples without preserving completeness of the entire closure, but only ensuring that the answers to certain
queries are preserved.

We shall also discuss further variations of the graph and rule minimisation problem. For instance, the
rules and tgds in [11] do not allow variables in predicate positions, which is a severe restriction in the sense
that many of the common RDF inferences rules are not covered (e.g., all except rules (4) and (5) above). We
will not make this restriction, since it can be dropped without significant change of the complexity results.

Organisation of the paper and summary of results. In Section 2, we recall some basic notions and results.
A conclusion and an outlook to future work are given in Section 7. Sections 3—6 contain the main results of
the paper, namely:
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e Graph Minimisation. In Section 3, we provide a comprehensive complexity analysis of the RDF graph
minimisation problem, both when full reconstruction of the graph or only RDF entailment is required. We
study various settings which result from different restrictions on the rules and/or tgds like restricting their
size, considering them as fixed, omitting them, or imposing no restrictions at all. Our complexity results
range from tractability to Egp -completeness.

e Rule Minimisation. In Section 4, we consider the problem of minimising the set of rules. We show that
the problem of finding redundant rules with respect to a given RDF graph is NP-complete for b-bounded
rules and not harder than Ag for arbitrary rules. Note that rule minimisation is closely related to the field
of Datalog equivalence and optimisation. We therefore discuss how the large body of results in this area can
be fruitfully applied to the problems studied here.

e Graph Minimisation w.r.t. Queries. In Section 5, we study how guaranteeing completeness only w.r.t. a
given set of conjunctive queries (CQs) or unions of conjunctive queries (UCQs) influences the complexity
for each of the above settings. Considering different restrictions on the size of the queries, hardness never
exeeds X2, but for some settings raises by two levels in the polynomial hierarchy compared to Section 3.
Finally we extend our findings to the problem of rule minimisation. We shall also briefly touch on full
SPARQL queries beyond unions of conjunctive queries.

e Problem Variations. In Section 6, we analyse the complexity of further problems which are either vari-
ations of or strongly related to the graph and rule minimisation problems mentioned above. For instance,
rather than asking if an RDF graph contains redundant tuples, we consider the problem whether an RDF
graph can be reduced below a certain size. We show that this problem is NP-complete also in those settings
where the graph minimisation problem is tractable. We also discuss the effect of allowing blank nodes in
predicate positions in the Datalog rules.

Due to lack of space, proofs are only sketched. While for most of the hardness proofs we only describe the
idea of the reduction, membership proofs are either also informal or even omitted. All proofs are worked
out in detail in the appendix.

2 Preliminaries

Let U, B, and L denote pairwise disjoint alphabets for URI references, Blank nodes (or variables) and
Literals, respectively. We denote unions of these sets simply by concatenating their names.> An RDF
statement (or triple) is a statement of the form (s,p,0) € UB x U x UBL, and an RDF graph is a set
of triples. In this paper, we do not distinguish between variables and blank nodes, but just note that blank
nodes/variables appearing in the data are understood to be existentially quantified within the scope of the
whole RDF graph they appear in. We write elements from B (U) as alphanumeric strings starting with
an upper case letter (lower case letter or number), elements from L as quoted strings, and — inspired by
the common Turtle [13] syntax — RDF statements as white-space separated triples and RDF graphs as .’
separated lists of triples in curly braces.

It is convenient to define the notion of entailment between two RDF graphs via the interpolation lemma
from [9, Section 2] rather than in a model-theoretic way: an RDF graph G entails Go, written G = G»
if a subgraph of (1 is an instance of G, that is, if there exists a graph homomorphism, i.e., a blank node
mapping p : B — UBL such that ;1(G2) C G1, where 1(G) denotes the graph obtained by replacing every
variable B € B with £(B). A homomorphism /'’ is an extension of a homomorphism h if h'(B) = h(B) for

3In this paper, we use a slightly simplified notion of RDF compared to [9], e.g. not considering typed literals separately.
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all B on which h is defined. Given G, G2, deciding whether there exists a homomorphism G2 — G (thus
also G = Gg) is well known to be NP-complete.

We define a basic graph pattern (BGP) as a set of generalised triples (s', p’,0') € UBL x UBL x UBL,
a filter condition as a conjunct of the unary predicates uri(-), blank(:), literal(-) (denoting the unary
relations U, B, and L, respectively). A filtered basic graph pattern (FBGP) is a BGP conjoined with a filter
condition, the latter containing only variables already appearing in the BGP. Given an FBGP P, we write
BGP(P) and F(P) to denote its components, i.e. its BGP and its filter condition, respectively.

We define an RDF tuple-generating dependency (tgd) constraint (or simply constraint) r as Ante =
Con, where the antecedent Ante is an FBGP and the consequent Con is a BGP. A constraint Ante = Con
is a short-hand notation for the first-order formula VZ'(Ante(Z) — (35)Con(Z,¥)) (where ¥ denotes the
blank nodes occurring in Con only, while & are the remaining blank nodes) Hence, a constraint Ante = Con
is satisfied over an RDF graph G if for each homomorphism on & mapping BGP(Ante) to G, there exists
an extension A’ of h to i s.t. (Con) C G. To increase the readability, we will sometimes explicitly write
out the quantifiers and variable vectors. RDF rules (or simply rules), are syntactically restricted constraints,
where all variables appearing in Con also appear in Ante (akin to the common notion of safety [14] in
Datalog). In the following, we will call RDF rules with an empty filter condition Datalog rules. * We
define the closure of a graph G with respect to a set R of rules, written Clz(G) as usual by the least fix-
point of the immediate consequence operator. For a given graph GG or a given set R of rules, we use X, Xz
(X € {U, B, L}) to denote the subset of U (resp. B, L) used in G, or R, respectively.

A conjunctive query (CQ) over an RDF graph G is of the form Gy — ans(X), where G, is an FBGP,
ans is a distinguished predicate, and X is a vector of blank nodes. We refer to G as the body of g (body(q)),
and to ans(X) as the head of q (head(q)). A union of conjunctive queries (UCQs) is a set of CQs, all having
the same head. The result of a CQ ¢ over some RDF graph G is defined as the set ¢(G) = {(¥) | for all z; €
Z: x; € UgBgLgUyLy, there exists a homomorphism
7: By — UgBgLg st. 7(body(q)) € G and & = 7(X)}. The result of a UCQ is the union of the results
of its CQs.

We say that a rule or constraint is b-bounded if both, antecedent and consequent contain at most b
triples. We say a conjunctive query ¢ is body-b-bounded if body(q) is b-bounded, and we denote ¢ as head-
b-bounded if | X| < b for some constant b (however, body(q) may be arbitrary). A set Q of (U)CQs is
body-b-bounded (resp. head-b-bounded) if every g € Q is body-b-bounded (resp. head b-bounded). Finally,
we write [n] to denote the set {1,...,n}.

3 RDF Graph Minimisation

In this section, we study the complexity of RDF graph minimisation. For different restrictions on the input
parameters, the complexity varies between tractability and Z3P -completeness. Formally, we consider the
following two basic problems:

Definition 3.1. Let MINI-RDF= (G, R, C) be the following decision problem:
INPUT: RDF graph G, set R of RDF rules, set C of tgds (G satisfies C).
QUESTION: Is there a G’ C G s.t. Clr(G') E Clr(G) and G’ satisfies C?

“In fact, we will for most parts of the paper only consider Datalog rules, but will revisit the extension to arbitrary RDF rules in
the end of Section 6, concluding that this extension does not change any of our results.
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MINI-RDFF MINI-RDF<
(1) | Rarb., C arb. YP_complete YP_complete
(2) | Rarb,Cbb NP-complete NP-complete
3 R arb., C fixed NP-complete NP-complete
“) R arb.,C =10 NP-complete NP-complete
(3) | Rbb.,C arb. YF_complete YF_complete

(6) | Rbb,Cbb

(7) | Rbb,C fixed
(8) | Rbb,C=0
9 R fixed, C arb.
(10) | R fixed, C bb
(11) | R fixed, C fixed
(12) | R fixed,C =0

NP-complete NP-complete [11]

NP-complete

NP-complete

NP-complete inP

YF_complete YF_complete

NP-complete NP-complete

NP-complete NP-complete

NP-complete inP

Table 1: The complexity of MINI-RDFF and MINI-RDFS w.r.t. input parameters (“bb” indicates the set to
be b-bounded, and “arb.” allows for arbitrary sets.)

Definition 3.2. Let MINI-RDFS (G, R, C) be the following decision problem [11]:
INPUT: RDF graph G, set R of RDF rules, set C of tgds (G satisfies C).
QUESTION: Is there a G’ C G s.t. Clg(G) = Clg(G") and G’ satisfies C?

The MINI-RDFE problem and the minimisation of RDF graphs via entailment aim at two kinds of
redundancy elimination: In MINI-RDF<, triples which can be restored via the rules are considered as re-
dundant while minimisation via entailment allows us to replace a graph G by G C G if G |= G holds, i.e.
checks if (G is lean (see [15]). The MINI-RDF = (G, R,C) problem combines these two approaches and thus
yields the strongest redundancy criterion. Nevertheless, in most cases, its complexity is not higher than for
MINI-RDFE (see Theorem 3.2).

It is easy to see that the condition Clg (G) = Clg(G") in Definition 3.2 is equivalent to G C Clg(G").
The following lemma shows that similarly, for MINI-RDF®, it is enough to show Clz (G’) k= G rather than
Clr(G) = Clr(G).

Lemma 3.1. Let G1, G2 be RDF graphs and R a set of rules. Then the following equivalence holds:
Clr(G2) E Clr(G1) & Clr(G2) E G

Theorem 3.2. For MINI-RDFF and MINI-RDFES, the complexity w.r.t. different assumptions on the input

(arbitrary, b-bounded, or fixed rule set; arbitrary, b-bounded, fixed, or no constraints) is as depicted in
Table 1.

The following lemma justifies that we do not have to give an explicit completeness proof for each entry
in Table 1, and points out a proof plan for Theorem 3.2.

Lemma 3.3. The graph in Figure 1 correctly describes the dependencies between the problems (identified
by their line number) in Table 1, i.e.: If there is an arrow from A to B, then B is a special case of A.

Figure 1: Dependency graph: Numbers refer to lines in Table 1. An arrow from A to B means that B is a
special case of A.
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Hence an arrow from A to B means that membership results for A hold also for B, and that hardness
results for B apply also to A. Therefore, to prove Theorem 3.2, it suffices to show the membership for
(1),(2),(8) and the hardness for (4),(9),(11),(12). Due to lack of space, we only work out the hardness results
for (9) and (11) (the latter only for MINI-RDFS). Before, we shortly discuss the membership results and
give an intuition of why they are correct. All proofs are worked out in detail in the appendix.

The most general case, (1), can be solved by a guess and check algorithm that is allowed to use a H§
oracle for the checks. One has to guess: a subgraph G’ of G, a sequence of rule applications on G’, and
for each rule application a homomorphism justifying that the rule is applicable. Note that Clr (G’) C AD?
(with AD = UqUg B Br L Li). Hence if considering all possible rule applications of length |AD\3, one
of them has to return Clz (G’). The most expensive check is to test if G’ satisfies C. However, it obviously
fits into IT5".

The following properties lead to the cases of lower complexity: If R is a b-bounded set, then Clg (G')
can be computed in polynomial time [11, Proposition 9] and if C is a b-bounded set, then testing if G’
satisfies C is in PTIME [11, Proposition 3]. For the tractable cases, note that if C = (), then not all subgraphs
of GG have to be checked, but only those missing exactly one triple from G.

Lemma 3.4. The problems MINI-RDF= (G, R, C) and MINI-RDFS (G, R, C), for fixed R and arbitrary C,
are E3P -hard.

Proof. 25 -hardness is shown by reduction from the well-known Eg -complete problem QSATj3, of which
we only give an informal description here. Let an instance of QSAT3 be given by F' = 321Vyi 325 A;, Ci,
with C; = (I;1 V li2 V l; 3) (clearly, the restriction to 3-CNF is w.l.o.g.). The graph G created contains on
the one hand triples encoding truth assignments on clauses (e.g. {0 hjy ago1 -0 ho agor - 1 hs ago1 } for the
assignment (false, false, true)), and on the other hand triples encoding the two possible truth assignments
for variables (e.g. {v; q1 ao1.v; q1 a1} for x; € £7 where v; is a new URI for each x; and the URI ag;
(resp. a1g) denotes that z; evaluates to false, hence —x; evaluates to true (resp. x; to true and —x; to false),
together with further triples that allow us to actually refer to the truth value of x; (resp. —z;)) under a selected
truth assignment. The rules and constraints are chosen in such a way that (1) the triples encoding the truth
assignment (false, false, false) for clauses must not be present in any valid subgraph G’ C G, (2) for every
x; € 11 exactly one of the two triples encoding a truth assignment must be present in G’ and (3) for all other
variables, both triples have to remain in G'. The restrictions imposed by A;._; C; are encoded in one big tgd,
where every homomorphism from its antecedent to G’ defines a truth assignment for # and yi. Thereby
for every valid G’ all such homomorphisms define the same truth assignment on 27, hence the values for 27
are determined by the selection of G’. But every homomorphism defines a different truth assignment on 7,
and there exists exactly one homomorphism for each of the 2%i| truth assignments on 4j. The consequent of
the tgd contains a representation of the literals in each clause C; and has the following property: for every
homomorphism A from the antecedent to G’, there exists an extension of i to a homomorphism /' from the
consequent to G’ iff this extension defines a truth assignment on 5 such that the assignment on 27, yi and
T3 maps the representations of the clauses onto the possible truth assignments for clauses present in G’. As
all triples encoding these truth assignments must be in G’, except the ones for (false, false, false) which
must not, such an extension for every homomorphism from the antecedent to G’ implies that F is valid. [J

Lemma 3.5. The problems MINI-RDF< (G, R, C) and MINI-RDF=(G, R, C), where both, R and C are
considered to be fixed, are NP-hard.

Proof. As NP-hardness of MINI-RDEF follows easily from the coNP-hardness of testing if G is lean [15],
we concentrate on MINI-RDFE and prove its NP-hardness by reduction from the 3-SAT problem. We fix
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the rules and tgds as
R ={ {X'inI.X active I} = {X' active I}}
C ={ {X active.X in J} = {X active J}
{X clash X". X active I. X" active I' Y in J} = {Y active J}}.

Now let an instance of 3-SAT be given by the formula F' = C; A --- A Cy,, where C; = (l;1 V12 Vii3)
and the [; ; are literals. W.l.o.g., we assume that every variable appears negated and unnegated in F'. Then we
constructan RDF graph G = {I} ; in ¢; | i € [n],j € [3]}U{l}; active ¢; | i € [n], j € [3]}U{z; clash Z; |
xj in F'}, where we introduce new URIs ¢; (for every clause C;) and xj, Z; (for every variable x; in F'), and
l;’:j = xj (resp. ;) if l; ; = x; (resp. —xj).

Intuitively, the triples in G with predicate in encode the literals in F'. If a triple with predicate active
remains in the selected subgraph G’ then the corresponding literal in F’ is set to true. The triples with clash

keep track of dual literals. O

4 Rule Minimisation

In this section, we study the rule minimisation problem of RDF graphs. Although there is a huge amount
of literature in the Datalog world addressing related problems (as query containment), the particular nature
of the problems we study, requires a distinguished complexity analysis. Note that rules for RDF, when
written as Datalog rules, have a fixed predicate arity of three, which makes problems computationally easier
than in the general Datalog setting (see, e.g. [16]). Depending on whether we consider the Datalog rules
as b-bounded or not, we obtain complexity results from NP-completeness to Ag -membership. The rule
minimisation problem is formally defined as follows. As the RDF graph remains unchanged, constraints are
irrelevant here.

Definition 4.1. Let RDF-RULEMINF (G, R) be the following decision problem:
INPUT: An RDF graph G and a set R of RDF rules.
QUESTION: Does there exist R' C R s.t. Clg:/(G) = Clg(G)?

Definition 4.2. Let RDF-RULEMINS (G, R) be the following decision problem:
INPUT: An RDF graph G and a set R of RDF rules.
QUESTION: Does there exist R' C R s.t. Clg:/(G) = Clr(G)?

For the case that the set of rules is b-bounded, we can pinpoint the complexity of the problem to NP.

Theorem 4.1. For a set R of b-bounded rules (for fixed b), the problem RDF-RULEMINF (G, R) is NP-
complete while RDF-RULEMINS (G, R) is in PTIME.

Proof. The hardness is shown by reduction from the 3-Colorability problem. The RDF graph G is built over
the URIs U = {0, 1,2} in subject and object positions. GG contains triples of the form i e j for all value
combinations 7,j € U with ¢ # j. R contains a single rule which generates an encoding X, e Xz (with
blank nodes X, X) for each edge (v, vs) of the graph to be 3-colored. This rule is redundant iff a valid
3-coloring exists, i.e., iff the triples X, e X can be mapped into {i e j | i # j}.

For the membership, note that it suffices to compare the closure of G under R with the closure of GG under
every subset of R missing exactly one rule. In the b-bounded case, the closure can be computed efficiently.
Hence, we get PTIME-membership for RDF-RULEMINS and NP-membership for RDF-RULEMINF (the
NP-computation is needed only for the entailment check). O
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Theorem d4.2. For arbitrary rules, RDF-RULEMINS(G,R) is coNP-hard and in AL while
RDF—RULEMIN):(G , R) is NP-hard, coNP-hard, and in Ag .

Proof. The AQP upper bound is due to the fact that computing the closure under a set of arbitrary rules re-
quires an NP-oracle (to check if a rule is applicable). The NP-hardness of RDF—RULEMINP(G , R) carries
over from Theorem 4.1. The coNP-hardness of both problems is shown by a straightforward reduction from
the co-problem of 3-Colorability: R contains a single rule whose body encodes the graph to be 3-colored.
This rule is redundant iff no 3-coloring exists. O

In order to reduce the complexity of the problems RDF-RULEMINS (G, R) and RDF-RULEMIN= (G, R),
one could seek for approximations of those problems. In fact, one option is to check for redundant rules
in the set R of given Datalog rules; or whether some rule is subsumed by another rule from R. The first
problem is known to be tractable while the test for rule subsumption is NP-complete (see [17]). The latter
result can be shown to hold also for rules of bounded arity (which we deal with here); but becomes tractable
in the case of b-bounded rules. Further methods (e.g., folding and unfolding of rules) are well understood
for logic programs (see [18]), and could also apply to our domain. An in-depth analysis how to use those
results in our setting is left for future work.

S Minimisation w.r.t. Queries

Another variant of the RDF graph and rule minimisation problems is to guarantee completeness only w.r.t. a
given set of queries. We restrict ourselves here to (unions of) conjunctive queries (CQs resp. UCQs). Such
a minimisation is of high interest, e.g. when importing data into an RDF Store that provides a narrow query
interface only. Formally, we get the following problems:

Definition 5.1. MINI-RDF< “9 (G, R, C, Q) is the following decision problem:

INPUT: An RDF graph G, a set R of RDF rules, a set C of tgds (G satisfies C), and a set Q of CQs.
QUESTION: Is there a G' C G s.t. (1) for every q € Q, the answers to q over Clg(G) coincide with the
answers to q over Clg (G') and (2) G’ satisfies C?

Definition 5.2. RDF-RULEMINS “? (G, R, Q) is the following decision problem:

INPUT: An RDF graph G, a set R of RDF rules, and a set Q of CQs.

QUESTION: Is there a R' C R s.t. for every q € Q, the answers to q over Clg(G) coincide with the
answers to q over Clr/(G)?

First, we observe that all hardness results from Sections 3 and 4 carry over to the CQ-variants. To
see this, we note that, for instance, MINI-RDF< corresponds to the special case of MINI-RDFS €@ where
Q={{SPO}— ans(S,P,0)}.

Analogously to the various settings studied in the previous sections resulting from different restrictions
on C and R, we also study three settings of the CQ-variants of these problems by considering Q to be body-
b-bounded, head-b-bounded, or unrestricted, respectively. We thus get the following complexity results.

Theorem 5.1. For MINI-RDFS ©9Q the complexity w.rt. different assumptions on the input (arbitrary,
b-bounded or fixed rule set; arbitrary, b-bounded, fixed, or no constraints;, body-b-bounded, head b-
bounded, or arbitrary CQs) is as depicted in Table 2, rows (1) — (12). Likewise, the complexity of RDF-
RULEMINS @ s depicted in Table 2, rows (I) — (II).
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Q body-bb (a) Q head-bb (b) Q arb. (¢)
(1) | Rarb., C arb. L -complete L -complete L -complete
(2) | Rarb,Cbb NP/ AP NP/ AY YF_complete
(3) | Rarb., C fixed NP/ AL NP/ AP L -complete
4 | Rab,C=10 NP/ A¥ NP/ AY 15 -complete
(5) | Rbb.,Carb. YF_complete YF_complete YF_complete
(6) | Rbb,Cbb NP-complete NP/ AL YP-complete
@) ‘R bb, C fixed NP-complete NP/ AL YF_complete
8) | Rbb,C =0 inP NP/ AY 1 -complete
(9) | R fixed, C arb. L -complete L -complete YF_complete
(10) | R fixed, C bb NP-complete NP/ AY ¥P_complete
(11) | R fixed, C fixed NP-complete NP/ AL YP_complete
(12) | R fixed,C = 0) inP NP/ AP 1% -complete
(L) | R arb. coNP/ AP coNP + NP/ AY | TI-complete
(L) | R bb. inP NP/ AY 1% -complete

Table 2: The complexity of MINI-RDFS ¢ (1-12) and RDF-RULEMINS-C€ (1. - II.) w.r.t. input parame-
ters (“bb” stands for “b-bounded”, and “arb.” for “arbitrary”).

Thereby (co-)NP / Ag denotes the lower bound / upper bound for the complexity. We write coNP +
NP/ AL if both, coNP- and NP- hardness hold. All lower bounds hold even if Q consists of a single CQ.
Likewise, all upper bounds hold even if Q is a set of UCQs.

Obviously, body-b-bounded (U)CQs are a special case of head-b-bounded (U)CQs, which in turn are a
special case of arbitrary (U)CQs. By combining this observation with Lemma 3.3, to prove Theorem 5.1,
it suffices to show membership for the entries (6a), (8a), (2b), (1c), (4c) as well as (Ia), (IIb), and (Ilc) in
Table 2, and hardness for (11a), (12b), (11c), (12c) as well as (IIa), (Ib), and (Ic). Due to space restrictions,
we only give a rough sketch of the intuition of these results. All proofs are worked out in detail in the
appendix.

Membership of the most general case (1c) is shown by considering the following algorithm: guess a
subset ' C G and check with I14-oracles if G satisfies C and if ¢(G) = ¢(G'), where G = Clz(G), resp.
G = Clr(G"). Moreover, the closures G and G’ can be computed in AL, since they are subsets of AD3.

The other columns contain potentially easier settings because of the restrictions on the queries, while
the other rows are potentially easier because of restrictions on R and C. In particular, if no constraints are
present, it suffices to check the “direct” subsets G’ = G \ {t} for each t € G. Thus the non-deterministic
guess of G’ C G is no longer needed. By the same token, rule minimisation is not harder than IT%’, since
we only need to check the direct subsets R’ = R \ {r}. If the queries are head-b-bounded, then there are at
most polynomially many candidates for answer-tuples. Hence, to answer a query ¢ over two different RDF
graphs is feasible in Ag (rather than Hg ). For body-b-bounded queries, the answers to a query g over an
RDF graph can even be computed in PTIME.

Turning to the lower bounds, the NP-hardness for (11a) follows immediately from the above remark
that the hardness results of MINI-RDFS carry over. (12b) differs from the previous setting by allowing
more expressive queries, but no constraints (which, for MINI-RDFS, leads to tractability). However, the
NP-hardness of this case follows immediately from the coNP-hardness of checking if an RDF graph is lean
[15] and defining Q@ = {G — ans()}. The hardness for (11c) is shown by reduction from QSATj3. Its main
idea is, given a formula F' = 3% V) 3729, to define a CQ ¢ and a graph G such that every homomorphism
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7: body(q) — G defines a truth assignment on the variables in F. (The proof allows even R = ().) Thereby
q outputs the values of this truth assignment on ¢;. G is further chosen in such a way that ¢(G) contains
an encoding of all possible truth assignments on ;. The constraints in C are such that over every proper
subgraph G’ C G that satisfies C, every homomorphism from body(q) to G’ now encodes truth assignments
that actually satisfy ¢. At the same time, the assignment on 7 is already defined by the choice of G'.
Hence, if ¢(G") also contains encodings for all possible truth assignments on %/, this means that F' is indeed
satisfied. For C = (), we only get II}-hardness since we can no longer express that valid choices for G
encode a truth assignment on Z7.

For the rule minimisation, the IT}’-hardness is shown similarly to the IT}'-hardness in case (12c). In
case of (head-/body-)b-bounded queries, the answers to the queries can no longer produce all possible truth
assignments on ¢;. Hence, we can only prove NP- and coNP-hardness, respectively, in cases (Ia) and (Ila).

5.1 Beyond Conjunctive Queries — SPARQL

RDF minimization w.r.t. (unions of) conjunctive queries could be extended to more expressive query lan-
guages. Actually, it can be checked that all upper bounds proved in this section are still valid if the CQs
are allowed to contain negation in the body. In particular, the complexity of the problems considered here
does not go beyond - for this kind of extension (we work out the details in the appendix). In contrast, if
we allow arbitrary non-recursive datalog queries with negation (a query language which — as well known —
covers all of SPARQL [19]), then the complexity of the problems considered here will be dominated by the
complexity of query evaluation, which is PSPACE-complete in this case, see [20]. We a more fine-grained
analysis of different fragments of SPARQL to future work.

6 Problem Variations

In this section, we discuss some further problems which are variations of or strongly related to the problems
studied in the previous sections. We start by a variation of the graph minimisation problem. But now we
ask if G can be replaced by a subgraph G’ whose size is bounded by some given bound & (rather than an
arbitrary subgraph G’ C G). Formally, we study the following problem.

Definition 6.1. Ler MINI-RDF*%(G, R, C, k) be the following decision problem: INPUT: An RDF graph
G, a set R of RDF rules, a set C of tgds and integer k.
QUESTION: Does there exist a subgraph G' C G with |G'| < k, s.t. G’ satisfies C and G C Clr(G')?

It can be easily verified that for all cases in Table 1 that are at least NP-hard, the complexity for MINI-
RDF? does not change. Intuitively, this is because the nondeterministic algorithms for solving these
problems all start with “guess a subgraph G’ C G”, which can be easily changed to “guess a subgraph with
at most k triples”. Therefore, the only two interesting cases are MINI-RDFS with a b-bounded or fixed set
R and no constraints, as they can be decided in PTIME. We show that for MINI-RDF*¢, the complexity
goes up to NP-completeness.

Theorem 6.1. The problem MINI-RDF*¢(G, R, C, k) is NP-complete if C = () and R is either considered
as fixed or a set of b-bounded rules (for fixed b).

Proof. The hardness proof is by reduction from the Vertex Cover problem. We give the basic ideas of this
reduction. Given some graph G' = (V, E), the RDF graph G™# contains one distinct triple for every v € V.
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The intuition is that the subset of those triples contained in a valid subgraph G’ € G"¥ describes a vertex
cover. We further have three rules, one that (given G’ C G) adds all edges covered by the remaining vertices
in G, one that (by repeated application) checks whether all edges are covered, and finally one rule that, if
indeed all edges are covered, allows to restore the vertices from G™# \ G’. To allow to express according
rules, G™% contains triples encoding further information (like e.g. neighbourhood of vertices and edges).
But as they cannot be derived by any rule, they must remain unchanged in any valid G’ ¢ G"#. Further,
their number (say K) only depends on G, such that there exists a vertex cover of size k iff there exists a
valid G’ ¢ G™¥ of size K + k. O

Next we want to identify the sources of the complexity of MINI-RDF~ and MINI-RDFE for the cases
where C is allowed to contain arbitrary tgds. We show that the complexity is independent of the rules, but
arises mainly from the question whether there exists some non-empty subgraph that satisfies all constraints.

Theorem 6.2. Let G be a RDF graph and C a set of tgds. Deciding whether there exists some ) # G' C G
s.t. G satisfies C is E3P -complete.

Proof. Membership follows from Theorem 3.2. Hardness is shown by a modification of the reduction given
in the proof of Lemma 3.4. We give the intuition of these modifications. In the aforementioned proof, the
intuitive meaning of the rules, together with the requirement G C Clgr(G’), was that for each v; € 17,
either {v; q1 ap1} or {v; ¢1 a1} has to remain in the subgraph G’. However, this can be also formulated as
a constraint. By introducing an additional triple for every v; € 2] (e.g. {v; opt v;}) that is enforced to be
contained in any non-empty subgraph, the tgd {V opt V'} = {V ¢ A} does the job. O

From the (full) proof of Lemma 3.5, it follows that for MINI-RDFF, one source of the NP-hardness is
just to decide the entailment. However, similarly to the last theorem, we can show that for b-bounded tgds,
just testing for the existence of a valid subgraph already contains the full hardness too.

Theorem 6.3. Let G be an RDF graph and C a set of b-bounded tgds. Deciding whether there exists some
0 # G' C G s.t. G satisfies C is NP-complete.

Proof. Membership follows from Theorem 3.2. Hardness is shown by reduction from the SAT problem. The
reduction is very similar to the one of Lemma 3.5, only that all the implicit information about which triples
must not be removed from G (expressed by not providing rules to derive them) now have to be made explicit
as tgds. This however no longer allows for a fixed set of tgds, but makes the number of tgds dependent on
F. O

Recall that tgds generalize (safe) datalog rules by allowing existential quantification and conjunctions
in the head. In other words, datalog rules are an important special case of tgds — referred to as full tgds in
the information integration literature. Below, we show that restricting the constraints to full tgds pushes the
Y’ -completeness results from Theorems 3.2 and 6.2 down to %2

Theorem 6.4. The problems MINI-RDF= (G, R, C) and MINI-RDF< (G, R, C) are L -complete if C is a
set of full tgds. 25 -completeness even holds for fixed R.

Likewise, let G be an RDF graph and C a set of full tgds. Deciding whether there exists some ) # G' C
G s.t. G' satisfies C is 25 -complete.

Proof. The Y.¥'-membership is established by the same algorithm as the E?{D -membership in case of unre-
stricted tgds according to Theorem 3.2. However, by the restriction to full tgds, we now only need a coNP-
oracle (rather than I1%") for checking that the tgds are satisfied. The X1’ -hardness is shown via reduction
from QSAT; by using similar ideas as in the >.4'-hardness proof in Lemma 3.4. O
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6.1 General RDF Rules vs. Datalog Rules

We now show that the complexity of the investigated problems remains unchanged by allowing additional
predicates uri(.), blank(.), lit(.) to restrict the type of a value in a Datalog rule, that is, allowing general
RDF rules as defined in Section 2. Note that for every x € U U B U L occurring in some RDF-graph G
(i.e. for every element of the active domain) it can be easily recognised whether it belongs to U, B or L:
This could be either decided using syntactic criteria, or by a lookup in U, B and L (although those sets
are supposed to be countable infinite, one can assume that Ug, B and Lg, i.e. the elements of the active
domain, are the “first” elements of these sets). Therefore, determining the type of some element requires
at most polynomial time in the size of G. Therefore, for every element z of the active domain of G, we
create a ground atom By (z), Uy(z) or L(x), depending on the type of x. By encoding an atom blank(X)
as triple { X blank X} in G, we can make this information available for rule application without increasing
the complexity of the problem.

The same argument allows us to overcome the problem that the closure w.r.t. a rule set R contains
invalid RDF triples (containing e.g. a blank node in a predicate position). Depending on whether invalid
triples are allowed in intermediate results or not, we can pursue one of the following two strategies: (i)
in a post-processing step, we can check for every triple in R(G) whether it is valid or not. In the latter
case, it is removed; (ii) if invalid triples should also be excluded from any intermediate results, then the
rules can be (automatically) augmented by at most 2 additional predicates in the rule body, urib(A) and
uri(B), assuming that the rule head is {A B C'}. The predicate urib(.) can be easily defined from uri(.)
and blank(.) by e.g. {uri(X)} = {wrib(X)} and {blank(X)} = {wrib(X)}. This is similar to variations
of rules (2)—(4) in Section 1, where the filter conditions guaranteed valid intermediate triples.

7 Conclusion

We proved a collection of complexity results for minimisation problems over RDF graphs where we con-
sidered various restrictions on the rules and tgds. One such restriction was b-boundedness [11]. We note
that this restriction can be relaxed by bounding not necessarily the size of the rules (or tgds) but only the
maximal number of blank nodes occurring in the rules (or tgds) — in the Datalog world, Vardi [21] showed
that such a restriction decreases complexity. We further discussed how the complexity of the problem in-
creases if one requires completeness only with respect to a given set of conjunctive queris (CQs). Notably,
if the CQs are restricted to have bounded head arity, while providing additional minimisation potential, the
problem becomes only mildly harder.

The minimisation problems considered here are driven by practical needs to represent RDF data com-
pactly or tailor them to engines supporting different rule sets. Our results also provide a basis for eliminating
redundancies in existing practically relevant rule sets, such as OWL2RL [8]. We believe that our results will
gain even more relevance with the advent of novel standards such as the W3C rule interchange format (RIF)
which will allow one to enrich RDFS and OWL with Web-publishable custom rule sets [22].

As future work, our investigations should be further extended in several directions such as a more fine-
grained analysis of SPARQL fragments when reduncdancy w.r.t. queries is considered, for instance well-
designed SPARQL queries [20]. Moreover, we plan to cast the obtained results into practical algorithms
to “compress” RDF graphs and rule sets, investigate related relevant problems such as “trading” triples for
rules, or vice versa, and experimentally evaluating effects of such transformations on query answering with
dynamic inference such as sketched in [2].
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Appendix

A Full proofs for Section 3

Lemma 3.1. Let Gy, G2 be RDF graphs and R a set of rules. Then the following equivalence holds:
Clr(G2) E Clr(G1) & Clr(G2) E G

Proof. The “=-"-direction is trivial. To show the “<”-direction, recall that the closure Cl (G) of a graph
(& under a set of rules R is defined by the least fixpoint of the immediate consequence operator.

Let r € R with r = V& (Ante(f) — Con(f)). A single application of the immediate consequence
operator 7" w.r.t. 7 extends the graph G to the graph G| = G1 U Con(\(Z)), where A is a mapping on &
with Ante(\(Z)) C G;. It suffices to prove the implication Clr (G2) = G1 = Clgr(G2) &= G'. From this,
the lemma follows by induction on the number of rule applications when computing the closure Clg (G1).

By assumption, Ante(A\(Z)) C G1. Moreover, Clg (G2) = G holds. Hence, there exists a mapping 1
on the blank nodes in G, s.t. n(G1) C Go. In total, for o = 1 o A, we thus have Ante(o(Z)) C Gs. Since
Clr(G2) is closed under R, the inclusion Con(o(%))) C G4 holds as well. We claim that 7 is the desired
homomorphism 7: G| — Ga. Clearly, we have n(G1) C G2 by the above considerations. It remains to
show that ) also maps the triples in G} \ G to G5. Consider G\ G1 = Con(A(Z)). By definition, o = no\.
Moreover, Con(o(Z)) C Ga. Hence, n(Con(A\(Z))) = Con(no A(Z)) = Con(o(Z)) C Ge. In total, we thus
have n(G’) C G2 and, therefore, Clr (G2) E G. O

Lemma 3.3. The graph in Figure 1 contains an arrow from A to B then B is a special case of A.

Proof. The Lemma follows immediately from the observation that arbitrary sets R (resp. C) include b-
bounded sets R (resp. C), which in turn include sets of constant size. Finally, the empty set is of constant
size. U

Theorem 3.2. For MINI-RDF™ and MINI-RDFS, the complexity w.r.t. different assumptions on the input
(arbitrary, b-bounded, or fixed rule set; arbitrary, b-bounded, fixed, or no constraints) is as depicted in
Table 1.

Proof. As mentioned in the main body, to prove the theorem, it suffices to show the membership for (1)
(Lemma A.1) (2) (Lemma A.2) and (8) (Lemma A.3) and the hardness for (4) (Lemma A.4) (9) (Lemma 3.4)
(11) (Lemma 3.5) (12) (Lemma A.5). O

In the following we give the detailed proofs of the proof sketches in the main body of the text, and
formally state and prove the missing results.

Lemma 3.4. The problems MINI-RDF= (G, R, C) and MINI-RDF< (G, R, C), for fixed R and arbitrary C
are XX -hard.

Proof. As already mentioned in the main body of the text, the hardness is shown by reduction from QSAT}.
We will start proving the hardness of MINI-RDF<. However, as the graph G defined in this reduction does
not contain any blank nodes, the reduction gives a positive instance of MINI—RDF’:(G ,R,C) iff itis also a
positive instance of MINI-RDF< (G, R, C) (as there are no blank nodes in G, every homomorphism defined
on G must be the identity mapping). Hence the same reduction proves the hardness of MINI-RDEF as well.
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Let an arbitrary instance of QSAT3 be given by F' = 371 Vy1372 A, Ci, with C; = (1 V 1i2 V 1;3)

(obviously, the restriction to 3CNF is w.l.o.g.). Let |Z1| = r, |¢1| = s and |Z2| = ¢t and let V' denote the set
fl if ¢ S r
V=2 Uz Uy wherewewriteV ={v; |i€[r+s+t]}andv; € {3y ifi>randi<r+s
Ty ifi>r+s

By slight abuse of notation, we will use v; to denote both, the variables in F' as well as URIs in GG, where
we assume one unique URI v; for every variable v; in F'.

To provide a better understanding of the reduction, we first present its basic idea in terms of ternary
relations (note that RDF triples correspond to binary relations), and then translate them into RDF triples.

Given F, we define an instance G = Go1 U Gooo U Gp, U Gp, over the relational schema S =
{C/3,D1/3,Dy/3} as follows:
Gooo = {C(0,0,0)},
Go1 = {C(0,0,1),C(0,1,0),C(1,0,0),C(0,1,1),C(1,0,1),C(1,1,0),C(1,1,1)},
C_;D2 = {DQ(UZ',O, 1), DQ(Ui, 1,0) | v; € 41 U fg}
GD1 = {Dl(vi,o, 1),D1(U¢, 1,0) | v; € fl}
where v; is a new constant (URI) for every v; € F.
We further define the set of rules R = Rgoo U R p, Where
ROOO = {{C(X> Y> Z)} = {C(Ov 07 0)}; {D2(X7 Y)} = {0(07 O> O)};

{Dl(Xa }/7 Z)} = {C<07 07 0)}}
Rp, = {{D1(V,0,1)} = {D1(V,1,0)};{D1(V,1,0)} = {D1(V,0,1)} }
and finally the set of constraints C = Cg U Cyog U Cr with
Ca = {{C(0,0,0)} = {t} |t € G}
Cooo = {{D1(V,1,0), D1(V,0,1)} = {C(0,0,0)} }
Cr = {VA, X, X", Y,Y"{Di(v1, X1, X}), ... D1 (vy, Xy, X1), Do(Y1, Y1), ..., Do(Ys,Y])} =
3z, Z,{DQ(Zlv Z{)? T 7D2(Zt7 Zt/)ﬂ C(LT,l T,Q? >{,3)7 R C(L;,l L; 7*1,3)}}

n,2»

Xg ifl;; = vqand v, € 71 and 8 = «

)_(g if l; j = vq and v, € &1 and § = o

where Lt — }jg ifl;j =voandv, €yrand f = —r
J Ys ifl;; =-wpandvy € grand B = —r

Zg ifl;j =v4andv, € Toand B=a —1 — s

Zﬁ ifl;j = woandv, € doand f=a—1r—s

The idea behind this reduction is as follows: Note that every valid subgraph G’ (i.e., every G’ C G that
satisfies C and for which G C R(G’) holds) has the following two properties:
(1) G’ must not contain G and (2) G’ must contain exactly one of Dj(v;,0,1) and Dy (v;,1,0) for
every v; € T'1. Based on these properties, one can then define a truth assignment on #; from G’ by the
tuples D1 (v;, -, -) remaining in G’. Finally, it can be shown that the last tgd in C is satisfied over some
valid subgraph G iff for the truth assignment on Z; mentioned above, V1 37 /\?:1 C; holds. This is due
to a one-to-one correspondance between homomorhphisms from this tgd to G’ and truth assignments on
A=, Ci. At this point, we don’t prove this formally, but first show the corresponding reduction to instances
of RDF graphs, and then give the formal proof.

The result of the above reduction can be translated into an RDF graph. Before we state the formal
definition of this problem reduction, we give some ideas how to derive this reduction from the ideas sketched
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above. Every tuple C(X,Y, Z) in the instance G is replaced by three triples X hy axyz . Y hs axyz .
Z h3 axyz where axy z is a unique URI for every combination of XY Z € {0, 1}3. The translation of D
and Dy is done similarily. Finally we add triples to GG that allow us to access the concrete truth value of any
literal, given a truth assignment. The resulting RDF graph G = Go1 U Gooo U Gg1 U Gga U G2 is defined
as follows: Go1 = {
0 h1 agor - 0 ha apor - 1 h3 agor - 0 hy agio - 1 h2 apio - 0 h3 ap1o -
1 hy aipo - 0 hg atoo - 0 h3 aigo - 0 hy ap11 - 1 he ao11 - 1 h3 ao11 -
1 h1ator - 0hgaior - 1 hgator - 1 hi atio - 1 he ar1o - 0 A3 atio -
Lhiain - Lhoyan - 1hyan }
Gooo = {0 h1 agoo - 0 ha agoo - 0 k3 agoo }
Gg ={viq1 ao1.v; q1 aip | i <1}
G ={viqaaoi . viquaig|r<i<r+t}
G2 ={0¢q2 ao1.1q2 a10.1 g3 ao1 .0 q3 aio}
where v; is a new URI for each v; € V. With this we derive at the following rules:
R={{Rq an} = {R q1 a1o};
{R q1a10} = {R q1 ao1 };
{S P O} = Gooo}
and the following constraints
CZ{{OPGOO()}#{T}‘TEG}U
{{R ¢ ai . IR qLam} = Gooo}y

_ {Vgl,X,X,?,iz¢ = 34,, 7, Z,éw}, where
Al = Al, sy AT‘+S_Z A2 = Ar+s+1a ceey Ar+s+t’

=X1,.... X, X=X1,....X,,

R=Ry,...,R,,
p={viq Ai . Xiq2 Ai . Xi gz A |i € [r]} U
{viq4Ai.qu2Ai.Y}q3Ai\r—i—lgigr—i—sandj:i—r}and
Vv={viquAi.ZjqA . ZjgsAi|r+s+1<i<r+s+tandj=i—r—s}U
{L;'k,l h1 RZ'.L;-‘:Q ho RZ'.L;-‘:?’ hs RZ’ZE[TL]}
(X ifli; = ve and v, € 71 and B = a
Xg ifl;j =-w, and v, € 71 and § = «
with Lt = }_/ﬁ %fliyjzva andvaeg’lqandﬁ:a—r
Y ifl;; =-voandv, € rand B = — 71
Zg ifl;j =vqandv, € Toand B=a —1 —s

Zg iflij=-vsandv, € Toand f=a —1 —s
This reduction is obviously feasible in LOGSPACE. It therefore remains to show formally that the

reduction is correct, i.e. that F' is satisfied iff there exists some G’ C G, G’ # ) s.t. (1) G’ satisfies C
and (2) G C Clr(G’). (Note that G satisfies C indeed holds.)

“if ”-direction) Assume that there exists a G’ that satisfies (1) and (2). Then we define a truth assignment
T on Z as follows: T} (v;) = true (i < r) if the triple {v; ¢1 a10} is in G', and T} (v;) = false if the triple
{vi @1 ap1} is in G'. To see that this gives indeed a well-defined truth assignment, note that neither both
triples can be contained in any proper subset of G that satisfies C (because otherwise, by the second tgd,
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Gooo has to be contained in G’, and in turn because of the first tgd, every triple from G is required to be in
G’, hence G = G’), nor can none of them be in G, as one of the two triples is needed to derive the other one
when applying R. Hence one of them has to be in G’, as otherwise (2) would not be satisfied by G’. For an

arbitrary truth assignment 75 on ¢, we now define a mapping y on A, X, X Y, Ve
Fori <r (i.e.v; € ¥1),

w(A;) = aro, (X;) = 1, and pu(X;) = 0if T3 (v;) = true and

1(A;) = aor, p(X;) = 0, and p(X;) = 1if T1(v;) = false.

Moreover, forr < i < r+ s (i.e. v; € 1),

1(Ai) = a1g, p(Yi—y) = 1, and p(Yi—r) = 0if To(v;) = true and

w(A;) = apr, p(Yi—p) =0, and p(Y;—,) = 1if To(v;) = false.

It can be easily verified that u is a homomorphism from ¢ to G’: Just note that for every v; € v both,
the triples {v; g4 a10-1 g2 a10.0 g3 a10} and {v; g4 ap1 -0 g2 ap1 -1 g3 ag1} are in G', hence regardless
of whether T5(v;) is true or false, the result of applying u to ¢ is in G’. Therefore, as G’ satisfies C, there
exists an extension ' of e that maps v into G’. It is easy to check that every such extension maps every

blank node from Z and Z to a value in {0,1}, every blank node in As to a value in {agy, a1} and every
blank node in F to a value in {aoo1,---,a111} (no R; € R can be mapped to aggg, as, due to the fact that
G’ satisfies C and G’ C G, G’ cannot contain any of the three triples in G' with aggg on object position).
Moreover, for every i € [t], p//(Z;) = 1 — 1/ (Z;) holds.

From this, we define a truth assignment 75 on Zy: For i > r + s (i.e. v; € Z), let T3(v;) = true if
W(Zi—p_s) = 1 (hence p/(Z;_r_s) = 0), and T3(v;) = false if p'(Z;_r_s) = 0 (hence p/(Z;_,_s) = 1).
Obviously, this truth assignment is well-defined, as 1 is a valid homomorphism, hence it maps each blank
node in 1) to exactly one value of G'.

We claim that 7 = 77 U T5 U T3 is a truth assignment under which A", C;) evaluates to true. To see
this, note that for every i € [n], 1’ cannot map all three, L |, L} 5 and L} 5 to 0, because, just as stated above,
there exists no value in G’ for ¢/ (R;) = gy, such that G’ contains the triples {0 k1 agy. . 0 ho agy. -
0 h3 agy. } (the only value in G for which this holds, agog, does not appear in G"). Therefore (at least) one of
them, say L; ; is mapped to 1. Now, by the definition of L7 ; from /; j, and the definition of 7', this translates
to the fact that 7'(l; ;) = true for the following reason: L ; is Xg (resp. Yg, Zp) iff [; j is a positive literal.
Hence T'(; ;) is the same as the truth value of the Varlable of l;,j, which is true by the above definition. On
the other hand, L7 ; is Xg (resp. }7/3, Z) iff I; ; is a negative literal. But from 1/ (L;‘J) = 1 it follows that
T'(va) = false, hence T'(; j) = true. Therefore every clause in F' evaluates to true, which proves the case.

“only if ”-direction) Assume that F' is satisfied. Then there exists a truth assignment 77 on &7 s.t. for all
truth assignments 75 on /; there exists a truth assignment 75 on Zo such that F = /\?:1 C; is satisfied under
T = T7 U T, U T3. We have to show that then there exists a G’ C G that satisfies (1) and (2).

Towards this goal, for every v; € 7, denote with 7; the triple {v; q1 a1} if T4 (v;) = false, and
{vi q1 a1} if T1(v;) = true. (As stated above, by slight abuse of notation, we use v; to denote both, the
variable in F' and the corresponding URI in G.) Then we define G’ = G\ ({r; | forall v; € Z1} U Gooo).
It is easy to see that G’ indeed satisfies (2): As T} assigns to every v; € 1 either true or false, for every
i < r, either {v; ¢1 a10} or {v; ¢1 ap1} is in G’. Therefore, the removed triple can be derived from the
present one via R. Moreover, Ggo can be derived by R as long as G’ # (), which is obviously the case.

It remains to show that G’ satisfies C.

For the tgds from {{0 P agpoo} = {7} | 7 € G}, this is easy to see: Gooo € G’, hence the an-
tecedent of these tgds cannot be mapped to G’, because G’ no longer contains the URI aggg. Also the
ted {{R q1 a10- R q1 ap1} = Gooo} is obviously satisfied over G, as we have shown before that for no v;
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(i <), both triples {v; g1 a10.v; ¢1 ao1} are in G'. But as these are the only triples with ¢; on predicate
position, also this tgd is satisfied over G’.

For the tgd fol, X, )?, }7, Y ¢ = EI/TQ, Z, 2 §¢, let i1 be an arbitrary homomorphism from ¢ to G’. Note
that p1(X;) = 1 — u(X;), and p(Y;) = 1 — p(Y;) holds (for i < rresp. » < i < r + s). We claim that for
1 < r the following relationship between 77 and p holds:

Ty (v;) = true iff p(A;) = agp (i.e. u(X;) = 1 and p(X;) = 0) and

T1(vi) = false if p1(A;) = ao1 (.e. p(X;) = 0and p(X;) = 1).

This is due to the construction of G’, where according to 77, either v; q1 aig or v; q1 ag; has been removed
from G, such that every homomorphism must map A; to the correct value. Now we define a truth assignment
T, on 7 as follows: Forevery r < i < r+ s, we define Ty (v;) = true if u(A;) = ayo (i.e. u(Y;—,) = 1 and
w(Yi_) = 0) and Ty (v;) = false if p(A;) = apr G.e. (Vi) = 0and p(Y;_,) = 1). It is easy to see that
T> is indeed a well-defined truth assignment: Every homomorphism must map A; either to aig or to a1g.
Therefore, by the assumption that F' is satisfied, there must eicists some T3 s.t. T" = 17 U T5 U T3 satisfies
F. From T3, we define an extension of z/ of ;1 onto /fg, Z, Z, R, s.t. ' (v) € G'. First, for ffg, Z, 7 and
ie{r+s+1,...,r+s+t}, wedefine

w'(Ai) = aro, ' (Zi—r—s) = 1, and p'(Z;—,—s) = 0if T3(v;) = true and

w(A;) = a1, W (Zi—r—s) =0, and (' (Z;—r—s) = 1if T5(v;) = false. B

It is again easy to see that ' indeed maps the triples {v; g1 Ai. Z; q@ Ai.Zj g3 Ai | r+s+1 <
i<r+s+tandj =i—r—s}toG. We further extend 1/ to R by defining p/(R;) = gy, Where
v = p' (L), y = W(Liy), and 2 = p'(L;3). Finally, we claim that this maps the remaining triples
in¢ to G'. As T satisfies A\, C;, for every clause C;, (T'(1;1),T(li2), T(li3)) # (false, false, false),
i.e. at least one literal /; ; in every C; evaluates to true. By the definition of ' and Ly ;» this means that
for every i € [n], (1'(L} 1), p'(L]2), W' (L}3)) # (0,0,0). But for every other combination (z,y, z) with
z,y,z € {0,1}, there exists an ag,. in the domain of G’, such that every triple in ¢/ is mapped to a triple
in G": That is, there exist triples {//(L; ) h1 (Lt ) (L3 ! (L) - 1 (Li o) ho (Lt ) (L ! (L) -
W (L;3) hs aM/(L;I)Hf(L;Q)u/(ng)}, which proves the case.

To justify our claim that this reduction works for MINI-RDFF as well, please note that G contains no
blank nodes. As all rules in R are save, also Clr (G) cannot contain any blank node. O

Lemma 3.5. The problems MINI-RDF= (G, R, C) and MINI-RDFS (G, R, C), where both, R and C are
considered as fixed, are NP-hard.

Proof. First consider the case of MINI-RDF= (G, R, C). We show that even for C = R = {), the problem
is NP-hard: In this case, (G, R,C) is a positive instance of MINI-RDF= iff there exists some G’ C G s.t.
G’ = G. This is exactly the case if G is not lean. As deciding whether a graph is lean is a coNP-complete
problem [15], the NP-hardness follows immediately.

Now consider MINI-RDF< (G, R, C), and recall the reduction given in the main body of the text:
We consider a fixed set of rules and tgds as
R ={{X"inI.X active I} = {X' active I}} and
C = {{X active I.X in J} = {X active J},

{X clash X'. X active I. X" active I' .Y in J} = {Y active J}}

Now let an arbitrary instance of 3-SAT be given by the formula F' = /\?:1 Cj, where C; = (l;1 V12 V
l;3) and [; ; are literals. W.Lo.g., we assume that every variable appears negated and unnegated in F, and
denote the number of variables occurring in F' with m. By slight abuse of notation, we use z; to denote
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both, variables in F' and URIs in G. Then we construct an RDF graph G as
G={l;;inc;|i€n],je3]}U

{7 ; active ¢; | i € [n], j € [3]}U

{zq clash T, | @ € [M]}.
Thereby we introduce new URIs ¢; (for every clause C;) and z, T, (for every variable x,, in F’), and define
l;k,j = Ty (1€Sp. To) if l; j = w4 (resp. —zq).

The reduction is obviously feasible in LOGSPACE. Before proving its correctness, we first sketch its
intuition: First we observe that none of the triples containing in or clash on predicate position can be
removed from G, as they cannot be derived using R. Now the basic idea is that the triples of the form
[7 ; active ¢;, that remain in the subgraph G’ C G encode a truth assignment 7" on the variables in F'. More
concretely, they encode which literals in each clause evaluate to true under 1" (namely exactly those literals
whose corresponding triples remain in G”). To express this, and to make sure that this indeed gives a valid
truth assignment, we use the triples of the form [, in ¢; to encode which variable occurs in which clause,
and whether it occurs negated or unnegated (by using URIs x,, and X, resp.). The triples x clash X encode
that while x represents an unnegated occurence of variable x, & encodes a negated occurence. Hence, in
no valid proper subgraph G’, x and Z are both allowed to be active (as expressed by the second tgd, which
requires in this case that G’ = G), as this would mean that 7'(z) = T'(—x). The only rule in R ensures that
in every clause, at least one literal evaluates to ¢rue, since otherwise none of the triples x, active c; for this
clause (which are present in GG) can be derived from G’.

It remains to show that the reduction is indeed correct, i.e. that F is satisfiable iff there exists ) # G’ C G
s.t. (1) G C Clr(G’) and (2) G’ satisfies C.

“if ”-direction) Assume such a G’ exists. As observed above, G’ can differ from G only by triples
containing the URI active in predicate position, as these are the only triples derivable by R. We define
a truth assignment 7" on the variables of F' as follows: For every variable x; in F', T'(z) = true if
{24 active ¢;} C G for some ¢;, T'(z,) = false if {T, active ¢;} C G’ for some ¢;, and T'(z4,) = true if
neither of them is in G'.

It remains to show that this truth assignment is well-defined (i.e. every variable gets assigned exactly
one truth value) and that it indeed satisfies F'. By the definition of 7', obviously every variable gets some
truth value assigned. To see that this truth value is unique, assume to the contrary that this is not the case.
Then, for some variable x, both, {z,, active ¢;} and {Z,, active c;} must be in G'. By construction of G,
{Zo clash x4} isin G (hence G”). Therefore the antecendent of the second tgd is satisfied for every variable
occurence in every clause. This requires all triples {_ active _} from G to be in G’ as well, as otherwise G’
would not satisfy C. But as those triples are the only ones that can be derived by R, this implies that G’ = G,
which is a contradiction to the assumption G’ C G. Therefore T is a well-defined truth assignment.

It finally remains to show that 7" satisfies F'. Le., let C; be an arbitrary clause in F'. We have to show
that C; is true under T'. Towards this goal, we first prove that there exists at least one triple {X active ¢;}
in G’ (where X is either some x,, or Z,). To see that this is indeed the case, assume to the contrary that no
such triple remains in G’. It is easy to see, that then also Clg (G’) cannot contain any triple with active in
predicate position and c; in object position, as the antecedent of the rule is never satisfied for c¢;. But then
G’ does not satisfy (1), which gives a contradiction to our assumption. Using this, it is now easy to show
that the literal encoded by X evaluates to true under T'. If the subject position of the triple contains some
URI z,, then the corresponding variable occurs unnegated in C; and gets the truth value true assigned by
T, and if the subject position of the triple contains Z,, then the corresponding variable occurs negated in
C;, getting the truth value false assigned by 7. In both cases, the literal evaluates to ¢true, which proves the
case.
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“only-if ”-direction) Assume now that there exists a truth assignment that satisfies '. We have to show
that then there exists a subgraph G’ C G satisfying (1) and (2). Denoting the truth assignment with 7',
we first define G’ C G: G’ contains all triples from G, except of the following. For every clause C; and
every literal /; ; that appears in Cj, if [; ; is of the form —z, and T'(x,) = true, then remove the triple
Zo active c¢;. If on the other hand, [; ; is of the form x, and T'(x,) = false, then the triple z, active c; is
not in G'. Otherwise the triple representing /; ; remains in G’. From the assumptions (every variable occurs
at least once negated and unnegated in F), it follows immediately that G’ is indeed a proper subgraph of G.
It remains to show that G’ satisfies (1) and (2).

(1): Because 7" satisfies F, in every clause C; at least one literal evaluates to true, say [; ;. Hence, if [; ;
is of the form z,, the triple {x,, active ¢;} remains in G’. If on the other hand l;,j is of the form -z, the
triple {Z,, active ¢;} remains in G’. Therefore every triple { X active ¢;} can be derived from G’ by R.

(2): To see that the first tgd is satisfied, note that by our definition of G’, for every pair z,, and Z, either
all triples {x,, active ¢;} (for every ¢; where x,, occurs in positively), resp. {Z,, active ¢;} (for all ¢; where
x4 occurs negatively) are removed from G, or none. Hence if G’ contains the triple {x, active ¢;}, then it
also contains all other triples {z,, active ¢, } from G, and therefore the tgd is satisfied.

For the second tgd, note that 7" is a well-defined truth assignment on all variables in F'. Hence for every
variable ., either all triples {x, active _} or all triples {Z, active _} are removed from G for G’. But
because the only triples containing the clash predicate are of the form {xz,, clash Z}, the antecedent of the
second tgd cannot be mapped to G’, hence it is trivially always satisfied, which proves the case. O

Lemma A.1. Both, MINI-RDF= (G, R, C) and MINI-RDFS (G, R, C), for arbitrary sets R and C can be
solved in 23{3 .

Proof. The following nondeterministic polynomial algorithm with a ITZ'-oracle algorithm decides MINI-
RDF=(G, R, C):
We first point out, that every rule with more than one triple in the consequent can be replaced in some
preprocessing step by several rules with the same antecendent, each of them containing in its consequent
exactly one triple from the original consequent.
(1) Guess a subgraph G’ C G
(2) Check (by a Hg -oracle) if G’ satisfies G (otherwise return “No”)
(3)Set Gy = G’ and k = |ADJ3,
where AD = Ug UUg U Bg U Br U Lg U Ly denotes the active domain.
Further let 7y encode the “do nothing” rule ro: () = 0.
AForj=1,...k:
a) Guess arule r;: G; = {t;} from R U {r¢}
b) Guess a mapping p: G; — Gj_l
(from the rule body G; to the intermediate graph)
c) (;heck Yvhether 4 is a homomorphism G; — éj_l. If not return “No”
d) G =G U{u(t)}
(4) Guess a mapping G — Gy,
(5) If it is a valid homomorphism, return “Yes”, otherwise return “No”

Step (2) can be solved by a T -oracle: Just guess a mapping from the antecedent to G. If it is a homo-
morphism, then use the NP-oracle to check whether there exists an extension of this mapping that maps the
consequent to G too.
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For MINI-RDF< (G, R, C), in steps (4) and (5), instead of testing Clz (G’) |= G, one needs to test whether
G C Clr(G"), which is obviously not harder. O

Lemma A.2. Both, MINI-RDF= (G, R, C) and MINI-RDFS (G, R,C), for arbitrary sets of rules R and
sets C of b-bounded tgds, are in NP.

Proof. The problems can be decided by the algorithms depicted in the proof of Lemma A.1, but (by
[11]/Proposition 3) step (2) now requires only polynomial time, hence no call to an oracle is needed. 0

Lemma A.3. The problem MINI-RDF< (G, R, C) can be decided in PTIME if all rules in R are b-bounded
and there are no constraints (i.e. C = ().

Proof. The problem can be decided by testing for every triple ¢ € GG, whether it can be removed from G For
every t € G, test whether ¢t € Clg(G \ {t}). If this is the case for some triple, then there obviosuly exists
some smaller graph, hence the answer is Yes. Otherwise, as no triple in G can be derived via the rules in
‘R from the remaining triples, the answer is No. By [11]/Proposition 9, the check requires only polynomial
time. O

Lemma A.4. The problems MINI-RDF= (G, R, C) and MINI-RDF< (G, R, C), for arbitrary sets R and no
constraints (i.e. C = ()) are NP-hard.

Proof. The hardness follows immediately from the fact that testing whether some datalog rule r;: G; =
{t;} is applicable (i.e. whether there exists a homomorphism G; — G) is already NP-complete [15]. O

Lemma A.5. The problem MINI-RDFF (G, R, C) for a fixed set R and no constraints (i.e. C = () is NP-
hard.

Proof. Follows immediately from the proof of Lemma 3.5 for MINI-RDF=(G, R, C). O

B Full proofs for Section 4

Theorem 4.1. For a set R of b-bounded rules (for fixed b), the problem RDF—RULEMIN’:(G, R) is NP-
complete while RDF-RULEMINS (G, R) is in PTIME.

Proof. For the PTIME-membership of RDF-RULEMINS (G, R), we consider the following algorithm to
test whether R contains redundant rules:
(1) Compute Gps = Clr(G)
(2) Foreveryr € R
(2a) set R =R\ {r}
(2b) Compute G’ = Clr/(G)
(2¢) If G’ = G5 then return “yes”
(3) return “no”.

As R is b-bounded, the closure of G under (a subset of) R can be computed in polynomial time. Hence, the
entire algorithm works in polynomial time. For the RDF-RULEMINF (G, R) problem, step (2¢) is replaced
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by the check if G = G s holds. Moreover, the loop in step (2) over all 7 € R is now replaced by guessing
an appropriate rule » € R (to avoid multiple entailment checks).

The NP-hardness of the RDF—RULEMIN#(G , R) problem is shown by reduction from 3-Colorability.
Let an arbitrary instance of 3-Colorability be given by the graph (V, E) and let V' = {v1,...,v,}. We
invent URIs d, e and blank nodes X = {z1,...,2z,}. Then the RDF graph G and rule set R are defined as
follows:

G:{Od1.0d2.1d2.1d0.2d0.2d10€1.062.162.160.260.261}U
{xq dzg | (va,v8) € E}.
R:{T} WithT:{ZleQ}i{Zl €Z2}.

Clearly, this reduction is feasible in polynomial time. For its correctness, we observe that Clg(G) =
GU{zq ez | (va,vg) € E}. It remains to show that G |= Clz(G) holds (i.e., r is redundant) iff (V, E)
is 3-colorable:

First suppose that G |= Clz (G) holds, i.e., there exists a homomorphism h: Clg(G) — G. Clearly, this
homomorphism must map every triple z, e g to one of the triplesO e 1.0e2.1e2.1e0.2¢e¢0.2¢ 1.
But then we immediately get a valid 3-coloring f of (V, E) by defining f(v;) = h(x;) for every i €
{1,...,n}.

Conversely, suppose that there exists a valid 3-coloring f of (V, E). Then we can define a mapping h on
the blank nodes in X by setting h(z;) = f(v;). It is easy to check that & is indeed a homomorphism from
Clr(G) to G. O

Theorem 4.2.  For arbitrary rules, RDF-RULEMINS(G,R) is coNP-hard and in AL while
RDF-RULEMIN':(G, R) is NP-hard, coNP-hard, and in A§ .

Proof. We first prove the AY’-membership. The RDF—RULEMIN’:(G ,R) problem can be decided by the
following polynomial-time algorithm with NP-oracle:

(1) Forevery rule r € R (set R’ = R\ {r}):
(2)set G, . = Gelos = G
(3) For every t € AD?3:
(a) Forevery r € R':
(1) test whether t € r(G'Cl »s) (by a call to an NP-oracle)
(ii) if yes, set G., . = G.;,. U {t}
(b) For every r € R
(i) test whether t € 7(Gs) (by a call to an NP-oracle)
(i) if yes, set Geios = Geos U {t}
4) if G,clos or (G5 Was changed in (3) goto (3)

(5) if G, = Glios (test using NP-oracle), return “Yes”.

(6) return “No”.
Where AD = Ug UUgr U Bg U Br U Lg U Lg denotes the active domain.

For the RDF-RULEMINS (G, R) problem, in step (5), the condition has to be replaced by Gos = Geios
which obviously fits into polynomial time.

The NP-hardness of the RDF-RULEMINF (G, R) problem carries over from Theorem 4.1. It remains
to prove the coNP-hardness of RDF-RULEMINF (G, R) and RDE-RULEMINS (G, R). The proof is by
reduction from co-3-Colorability. Let an arbitrary instance of co-3-Colorability be given by the graph (V| E)
and let V = {v1,...,v,}. Then we construct the RDF graph G and rule set R as follows:
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G={0el.0e2.1e2.1e0.2€0.2¢1}
R:{T} With’l“:{Xanﬁ | (Ucwvﬁ) GE}:>{X1€X1}-

Clearly, this reduction is feasible in polynomial time. For the correctness, we observe that Clg (G) C G U
{0e0.1e1.2e2}. Inother words, Clg(G) contains no blank nodes. Hence, entailment coincides with
the superset-relation. It therefore suffices to show that the graph (V, E) is not 3-colorable iff Cix (G) = G
(i.e.,  is redundant). Equivalently, we have to show that (V, E) is 3-colorable iff Ciz (G) D G.

Clearly, Clg (G) D G holds, if rule r fires, i.e., there exists a homomorphism A from the body of 7 to G.
From h we immediately get the 3-coloring f of (V, E) by defining f(v;) = h(x;) forevery i € {1,...,n}.
Conversely, if there exists a valid 3-coloring f of (V, E'), we immediately get the homomorphism from the
body of 7 to G by setting h(X;) = f(v;) forevery i € {1,...,n}. O
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C Full proofs for Section 5

As mentioned in the main body of the text, we will show that the upper bounds still hold, even if the
conjunctive queries are allowed to contain negation in the body. Therefore, we first introduce the notions of
(U)CQs™.

For extending (U)CQs to (U)CQs™ (i.e. allowing for negation), given a query ¢, we partition body(q)
into two sets, pos(q) and neg(q). Intuitively, pos(q) encodes positive information that must be satisfied by
G, while G must not contain the negative information encoded by neg(q). In the following, we assume all
(U)CQs™ to be safe, that is, all blank nodes appearing in head(q) and neg(q) must also appear in pos(q).
The result of a CQ™ ¢ over some RDF graph G is defined as the set ¢(G) = {(Z) | forallz; € Z: z; €
UcBgLgUyLg and there exists a homomorphism 7: B, — UgBgLg s.t. 7(pos(q)) € G andforall t €
7(neg(q)),t ¢ G and & = 7(X)} The result of a UCQ™ is the union of the results of its CQs ™.

In the following, when considering a CQ or UCQ ¢ (i.e. neg(q) = 0, we use the expressions body(q)
and pos(¢) interchangable.

Lemma C.1. The problem MINI-RDFQCQ(G, R,C, Q), for b-bounded R, C = \), and body-b-bounded Q
can be solved in PTIME. The problem remains in PTIME even if Q is a set of body-b-bounded UCQs™.

Proof. The problem can be decided by the following algorithm:

(1) Compute G = Clz(G)
(2) For every t € G:

(2a) Set G' = G\ {t}

(2b) Compute G/ = Clr(G")

(2¢) For every ¢ € Q, test if ¢(G) = ¢(&)

Then G can be minimised, if for some ¢ € G, step (2¢) returns “Yes”.

Under the restrictions assumed on the input, this algorithm runs in polynomial time: By [11, Proposition
9], Clr(G) (and therefore also Clgr(G’)) can be computed in polynomial time. As the size of Clg(G)
(resp. Clr(G")) is polynomially bounded in the size of the input, and because the body of each ¢ € Q is
b-bounded, also step (2¢) fits into polynomial time, as at most | A D|>** homomorphisms need to be checked
for every ¢ € Q (where AD denotes the active domain).

In the case that Q is a set of UCQs, just note that every UCQ @) € Q contains at most polynomial
many CQs g, each of them creating at most a polynomial big result set, such that the algorithm still fits into
PTIME, i.e. replace step (2¢) by
(2¢) For every Q € Q, testif Q(G) = Q(G").

To see that step (2c) still fits into PTIME, even if we allow for UCQs™, consider the following algorithm:

(A) Forevery QQ € Q
(Al)Set A= A" =)
(A2) Forevery q € Q
(A3) For every homomorphism 7: pos(q) — G
(A4) If for every t € T(neg(q)): t & G, set A= AU {r(head(q))}
(A5) For every homomorphism 7: pos(q) — G’
(A6) If for every t € T(neg(q)): t & G/, set A’ = A’ U {r(head(q))}
(A7) For every homomorphism 7: pos(q) — G
(A8) Test if A = A’. If not, return “No”, otherwise test next Q.
(B) return “Yes”
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To see that this algorithm indeed runs in polynomial time, note that in steps (A3) and (AS), only poly-
nomial many homomorphisms need to be checked (the number is bound at most by AD3%). Therefore also
(A7) obviously fits into polynomial time. O

Lemma C.2. The problem MINI-RDFS “@ (G, R, C, Q), where R, C, and Q are body-b-bounded can be
solved in NP. The problem remains in NPeven if Q is a set of body-b-bounded UCQs".

Proof. The problem can be decided by the following nondeterministic algorithm:
(1) Compute G = Clr(G)
(2) Guess a subset G/ C @@
(3) Check if G satisfies C (if not, return “No”)
(4) Compute G/ = Clr(Q)
(5) For every ¢ € Q, test if ¢(G) = q(@’)
(Return “Yes” if it holds, otherwise return “No”)
If for some guess G’, “Yes” is returned, then G can be minimised.

By the same arguments as in the proof of Lemma C.1, the steps (1), (4) and (5) require only polynomial time.

Step (3) is in polynomial time because of [11, Proposition 3], and step (2) introduces the nondeterminism.
Again by the same arguments as in the proof of Lemma C.1, the result holds for body-b-bounded UCQs

and body-b-bounded UCQs™ as well. 0

Lemma C.3. The problem MINI-RDFS-“% (G, R, C, Q), for arbitrary R, b-bounded C, where all CQs in
Q have bounded head arity can be solved in Ag . The problem remains in Ag even if Q is a set of bounded
head arity UCQs"™.

Proof. The following deterministic algorithm, using an NP-oracle, decides the problem and requires only
polynomial time:
(1) Compute G = Clr(G)
(2) For every g € Q, compute and store ¢(G)
(3) In the oracle
(3a) Guessa G’ C G
(3b) For every ¢(G) and every ¢ € ¢(QG)
(I) Guess a derivation sequence for R on G’ (),
denote the result of this sequence by G
(IT) For the homomorphism 7: head(q) — ¢, (s.t. T(head(q)) = t)
guess an extension 7 : body(q) — G, and
check whether 7/ (body(q)) C G
(if not, return “No”, otherwise try next ¢, resp. next q(é))
(3¢) Return “Yes”

The program then returns the result of the oracle call. For a justification that step (1) fits into A%, we refer
to the proof of Theorem 4.2.

To see that step (2) fits into AL, consider the following algorithm: For every ¢ € |AD|® (where b is the
arity of the head of ¢), guess a homomorphism 7: body(q) — G s.t. 7(head(q)) = t. If such a T exists, add
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tto q(@) As we assume all ¢ € Q to have bounded head arity, b is a constant, hence | AD|” is polynomial in
the input, which allows the above algorithm to be performed in polynomial time with a NP-oracle. Therefore
also the size of each ¢(() is at most polynomial in the input.

Concerning step (I) in the oracle, we comment on the *) mark: By guessing a derivation sequence, we
mean (just as in the proof of Lemma A.1) to guess a sequence 71, . . . 7, of n rules from R (where the same
rule may appear more than once in the sequence), and for each selection r; guess a homomorphism from
the rule body to the graph derived from G’ by application of r1,...,7;_1. (For a more formal description,
see step (3) in the proof of Lemma A.1.) Note that although we cannot be sure that the final result of such a
derivation sequence is indeed Clr (G’), we know that every sequence return a subset of Clg (G’). and that
at least one of the guessed sequences indeed gives Clg(G’). As Clr(G) C AD3, it suffices to check all
sequences of length n = |AD|3.

To see that the result holds in the case where Q is a set of UCQ as well, just note the following:

In step (2) we compute Q(@) for every UCQ @ € Q (by the same algorithm as sketched above for CQs,
just that we guess a g € () together with the homomorphism).

In step (II), we can either guess ¢ € @ together with the extension 7/, or we can test all ¢ € @ after each
other (i.e. guess one extension 7’ for each of them).

Finally, to extend the algorithm also to UCQ™, in steps (2) and (II), for every guess of a homomorphism 7
(resp. '), we do not only check 7(pos(q)) C G (resp. 7/ (pos(q)) € G'), but also whether 7(neg(q))N G =
0 (resp. 7/ (neg(q)) N G' = ). Obviously, this fits into the oracle as well. O

Lemma C.4. The problem MINI—RDFQCQ(G, R,C, Q), for arbitrary R, C = () where Q may contain
arbitrary CQs can be solved in 11, The problem remains in 11§ even if Q is a set of arbitrary UCQs™.

Proof. We prove the lemma by devising a nondeterministic algorithm that decides the co-problem (that is,
whether G is already minimal w.r.t. R, C and Q), using a coNP-oracle, in polynomial time.
Let G = {tl,. . .,tn}
Foreachi € {1,...,n}, let G, = G\ {t;}
(1) Compute G = Clr(G)
(2) Compute G; = Clgr(G;) fori € [n]
(3) Guess n (not necessarily distinct) queries ¢; € Q
(4) Guess n homomorphisms 71, . .., 7, with 7;: body(q;) — G
(5) Check Vi € [n] by a call to a coNP-oracle (i.e. using n calls)
that 7;(head(q;)) & q(G;), i.e. check that for all homomorphisms
7!/ body(qi) — G; with 7! (body(q;)) C G;, whether
7i(head(g;)) # 7(head(q;))
(6) G is minimal, iff all n oracle calls return “yes”

The intuition of this is as follows. After computing the closure of GG and all “candidates” G;, we guess for
every (5; some query a and an answer over G to this query, such that the answer cannot be created by ¢ over
G;. If this is the case, G cannot be further minimised.

To see that this nondeterministic algorithm indeed runs in polynomial time, just note that we already
discussed in the previous proof, that the computation of G and G; fits into A2, and that the size of G and
each G is at most polynomial in the size of the input.

Concerning an extension of this algorithm to UCQs, it suffices to replace step (3) by
(3)Guess Q € Qand g € Q
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and in step (5) to check that 7;(head(¢;)) & ¢(G’), which means that in the coNP oracle one checks for all
q € Q that ¢(G") does not create 7;(head(g;)). Again, this can either be done sequentially, for each ¢ € Q
after the other, or in parallel by first guessing ¢ € @) and then the corresponding homomorphism.

Towards the extension to UCQs™, we just note that for every guessed homomorphism 7 from the body of
some query ¢ into some graph G, instead of just checking whether 7(pos(q)) C G, we also have to test that
7(pos(q)) N G = . However, this additional check, just as the previous one, obviously fits into polynomial
time. O

Lemma C.5. The problem MINI-RDFS ©Q (G, R, C, Q), for arbitrary sets R and C, where Q may contain
arbitrary CQs can be solved in 23{3. The problem remains in 23{3 even if Q is a set of arbitrary UCQs™.

Proof. The following nondeterministic algorithm with a I1¥ -oracle decides the problem:

(1) Compute G = Clz(G)
2)Guessa G’ C G
(3) Check if G’ satisfies C (otherwise return “No”)
(4) Compute G/ = Clr(G')
(5) For every q € Q, check by a call to the oracle, whether
for every homomorphism 7: body(q) — G
there exists an extension 7’ of the homomorphism defined
by 7(head(q)) to 7' : body(q) — G’
(i.e. whether every result in ¢(G) can be also derived over ()

To see that this algorithm indeed runs in (nondeterministic) polynomial time, we note that step (1) and step
(4) fitinto AL (see e.g. the proof of Theorem 4.2), step (3) can be decided by a ITZ -oracle, and also step (5)
can be obviously done by a IT -oracle.

The algorithm can be extended such that it also works if Q is a set of UCQs, without changing its
complexity. Therefore it suffices to replace step (5) by
(5) For every Q € Q, check by a call to the oracle, whether for every ¢ € @

and every homomorphism 7: body(q) — G

there exists an ¢ € () and an extension 7’ of the homomorphism defined

by 7(head(q)) to 7' : body(q) — G’

(i.e. whether every result in ¢(G) can be also derived over ()
Obviously, this still can be decided by a Hf -oracle. One just needs to guess ¢ € () together with the
homomorphism.

To further deal with UCQs™, step (5) needs to be adopted such that for every guessed homomorphism 7
(resp. ), it is checked whether 7(pos(q)) C G (resp. 7/, G') and 7(neg(q)) N G (resp. 7, G') = 0. O

Lemma C.6. The problem MINI-RDF&: €@ (G, R,C,Q), when both, R and C are fixed and Q contains only
body-b-bounded CQs is NP-hard, already if Q contains a single CQ only.

Proof. The hardness follows directly from the observation that the hardness results from MINI-RDF< carry
over to this setting, as already expressed in the main body of the text by the observation that MINI-RDF<
corresponds to the special case of MINI-RDFS “@ where Q = {{S P O} — ans(S, P, 0)}. O
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Lemma C.7. The problem MINI-RDFS “% (G, R, C, Q), when R is fixed, C = (), and the CQs in Q may
have arbitrary BGPs in their bodies but have bounded head arity, is NP-hard, already if Q contains a single
CQ only.

Proof. The NP-hardness of the problem can be even shown for C = R = (). Given a graph G, it is not lean
exactly if the graph G can be reduced w.r.t. the CQ ¢: G — ans() (and C = R = (). This obviously holds
as ¢ trivially returns true over GG, but it returns the same result over some proper subset G’ of G only iff
there exists a homomorphism from G to G’, hence iff the graph is not lean.

As deciding whether a graph is lean is coNP-complete problem [15], the NP-hardness follows immedi-
ately. O

Lemma C.8. The problem MINI—RDFQ’OQ(G ,R,C, Q), when both, R and C are fixed but Q may contain
arbitrary CQs is Zg -hard, already if Q contains a single CQ only. It even remains Eg -hard for the case
where R = ().

Proof. We prove the lemma by reduction from the well-known 25 -complete problem QSAT3. Therefore,
let an arbitrary instance of QSAT3 be given by F' = 37,Vy13%2 A\, C;, where C; = (I;1 V li2 V 1;3)
(obviously, the restriction to 3CNF goes w.l.0.g.).
In the following, let r = |Z1], s = |71, t = |¥2|, and V' = &1 U ¢; U &9, where for v; € V, v; €
7 ifi<r
1 ifr<i<r+s
Ty fr+s<i<r+s+t
By slight abuse of notation, we use v; to denote both, URIs in the instance of MINI-RDFS:¢? and variables
in F'. Given F, we define G as follows: (Note that for the sake of readability, we define the reduction first
in terms of ternary relations, namely from the schema S = {V;/3,D/2,C/3,U;/1,U,/1}, and translate it
afterwards to RDF.)
Let G = C_;l U GQ U Gul U UGOl with
C_TY1 = {Vl(vi, 0, 1), ‘/i(vi, 1, 0) | v; € 51},
G2 ={D(0,1),D(1,0)},
Gu1 = {U1(v;) | v; € T1} (Where v; is a new URI for every v; € V),
Go1 = {C(0,0,0),C(0,0,1),C(0,1,0),C(1,0,0),C(0,1,1),C(1,0,1),C(1,1,0),0(1,1,1)}.
Then let C =
{{C(0,0,0)} = {t} | forevery t € Gp1 } U
[{C(0,0,0), U (V)} = {Va(V.0,1), Vi(V,1,0)}} U
{{C(0,0,0)} = G2} U
{{Vl(v’ L, 0)7 ‘{1(‘/7 07 1)} = {C(Ov 07 0)}}
and finally let Q contain the single query
q= /\gzl Vl(vi7 Xi, XZ) A /\f:l D(Y;, Y/Z) N /\E:l D(Zi7 ZZ)/\
Nzt C(L?,lv L3 L%k,:«:)/\ U1(V1)
—ans(Vy, Yy, ..., Ys)
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* —
where, Li,j =

(X@ ifl; j = vy and v, € 71 and 8 = «

Xg ifli; = -wsand v, € Ty and f =«

Y3 ifl;j=voandvg, €Jrand B =a —7r

}75 ifl;j = woandv, €Yrand S = — 7
Zg ifl;; =vqoandv, € Toand B =a —7 — 5

Zz iflij=-wsandv, € Toand f=a —7 — s

Towards the proof of the correctness of this reduction, we note the following:

Obviously, ¢(G) returns all possible combinations of 0 and 1 of length s

G', being a proper subgraph, must not containt C'(0,0,0) (as otherwise, G’ must contain every tuple
from G).

For every v; € 1, G, being a proper subgraph, must not containt both atoms Vi (v;, 1,0) and
Vi(vi,0,1) (otherwise the tgd {V1(V,1,0), V1(V,0,1)} = {C(0,0,0)} would be violated).

For every v; € 1, G’ must contain at least one of the two atoms V4 (v;, 1, 0) and Vi (v;, 0, 1), otherwise
q(G") = 0.

For every v; € %1, G’ must contain U (v;) as otherwise the corresponding answer with v; on first or
second position cannot be created any more over G’.

Assuming I to be satisfied, and given a truth assignment " = 17 UT5 U T3, define G’ to contain only
those tuples from V1G that correspond to 77 .

Hence the first group of conjuncts in ¢ can be mapped. Now for every homomorphism from the
second group to G’, we can define a corresponding truth assignment on i1, for which there must
exists an extension to Zs, which can be retranslated to an extension of the homomorphism from ¢ to
G'. Because the resulting truth assignment satisfies I, also the last group of conjuncts can be mapped
to G'.

For the other direction, assume that there exists such a G’. From this, define the corresponding truth
assingment on Z1. Now for every truth assignment on ¢/, there exists a corresponding mapping from
the Y;’s to {0, 1}, for which there must exists an extension to the Z;’s, such that the whole query
body is mapped to G’. This can be retranslated to a truth assignment on & such that the overall truth
assignment satisfies ', as it maps in every conjunct at least one literal to true.

Using the same ideas as in the previous sections, translating this reduction into RDF syntax, we derive
at the following instance:
The RDF graph G is defined as G = G1 U G2 U G, U Gy U Go1 U Gppp where
Gy = {UZ' 71 Qo1 - Vi T1 10 | V; € fl}
Go={0d1.1d0}
Gp={lpiawo .0prao - 0p2aip . 1p2ap}
Gul = {’Ui U1 Vg ‘ V; € .2_2"1}
Go1 ={0hy agor - 0 h2 agor - 1 h3 agor - 0 hy agio - 1 ho agio - 0 h3 agio -

1 hy aipo - 0 hg ato0 - 0 h3 aioo - 0 hy ap11 - 1 he ap11 - 1 h3 ao11 -
1 h1ator - 0hg aior - 1 hgator - 1 hi ato - 1 he ario - 0 h3 ario -
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1 hyaiin - Lhyain - 1 hgain}
Gooo = {0 h1 agoo - 0 h2 agoo - 1 b3 agoo}
Then C translates to
C ={Gooo = Go1} U
{Gooo = G2} @]
{Gooo = Gp} @]
{Gooo U {V Ul V} = {V riagl - V1 alo}} U
{{V 1 agl - Vv 1 alo} = Gooo}
and finally, Q contains
q={Gq— ans(Vy, Yy,..., Ys)} where
Gq:{vi""liji . Xip Ji Xipgji|i€[T]}U
{YidYi|iels]tU
{ZidZi|i€ [t]}U
{L;l h1 R; . L;(,Q ho R; . L;3 hs R; | 1€ [n]} U
{(Viug i} B B B
where we introduce new blank nodes X;, X;,Y;,Y;, Z;, Z;, J;, R;, V1, and
(Xg ifl; j = vy and v, € ¥1 and § =
Xg ifl; j = ~vq and v, € T and § = «
Y3 ifl;; =voandv, € ghand B =a —7r
A }73 ifl;; = wqaandv, €Jrand = —1r
Zg ifljj=voandv, € Toand f=a —1 —s

Zg ifl;; = waandv, €Foand f = —1r —s

It remains to show that this reduction is indeed correct, i.e. that F' is satisfiable iff there exists a subgraph
G’ C G, s.t. (1) G’ satisfies C and (2) ¢(G) = ¢(G"). To do so, we need the following claim:
q(G) = {’U,; | V; € fl} X {0, 1}5
To see that this holds, first note that ¢(G) C {v; | v; € #1} x {0, 1}? is trivially true. Just note that all triples
with u; on predicate position contain only v; for ¢ € [r] on subject and object position. Similar, triples with
hi, ha and h3 on predicate position only contain 0 and 1 on subject position, which restricts the domain for
Vi to {v; | v; € Z1} and the domain for every Y; (i € [s]) to {0,1}. Now the above expression describes
exactly all tuples that can be created using this domain. Hence ¢(G) cannot contain more tuples.
To see that also {v; | v; € Z1} x {0,1}* C ¢(G) holds, take an arbitrary tuple ¢ from {v; | v; € Z1} X
{0,1}*. (Denote with ¢[V;] the value in ¢ of V1, and for all other blank nodes accordingly.) We now define a
homomorphism p: ¢ — G. Let (V1) = t[Vi] and p(Y;) = t[Yi] (@ € s). Obviously, {u(V1) uy u(Vi)} C
G. Choosing x(X;) (i € [r]) and p(Z;) (i € [t]) arbitrarily from {0, 1}, and defining w(Xi) =1 — p(Xy)
G € D ) =1~ G < 5D w(Z) = 1 - p(Z:) G € (), and () =t (o
€ [r]), it is easy to check that also {v; 71 p(J;) . w(X;) p1 pu(Ji) - w(X;) p2 w(Ji) | i € [r]} CG,
{u( ) d u(Y;) | i€ [s]} C G, and {u(Z;) d u(Z;) | i € [t]} C G. Now it is easy to see that also (for every
€ [n]) for {u(L;1) ha Ri . pu(Ljo) ha Ri . u(Lj3) hs R;} there exists a value for p(R;), s.t. all three
trlples are mapped to G, just take u(R;) = Ap(Lr (L7 (L 5)-

Now we show both directions of the “if and only if” statement separately:

“If” direction) Assume that there exists a subgraph G’ that satisfies (1) and (2). We have to show that
then F is satisfiable. We start with some obversations about properties every proper subgraph G’ of G that
satisfies (1) and (2) must have:
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Gu1 € G': Assume to the contrary that some triple from G is not in G’, say v; u1 v;. But then ¢(G")
cannot contain any tuple ¢ with ¢[V}] = v;, which is a contradiction to (2).

G9 C G’: Again assume that this is not the case, w.l.o.g. assume that G’ does not contain 0 d 1. It follows
immediately that then ¢(G’) cannot contain any tuple ¢ with ¢[Y;] = 0 for some i € [s], which is again a
contradition to (2).

Gooo € G’: Assume that Gogog € G’. It is easy to verify that then C is only satisfied by G’ if G' = G,
which is a contradiction to the assumption that G’ C G. For every i € [r]: {v; r1 ap1.v; 1 a0} € G”:
If this would be the case for some i € [r], then by the last tgd, G had to be contained in G’, which we
showed above is not allowed.

For every i € [r]: either v; 71 ag1 or v; 71 a1p must be contained in G’: Assume that this does not hold for
some i € [r]. Then the corresponding triple v; r1 j; in G4 could not be mapped to G’, hence ¢(G”) returns
no result, which contradicts assumption (2).

Based on these observations, we now define a truth assignment 7 on Z as follows: For every i € [r],
if v; 11 a9 € G, then Ty (v;) = true. If on the other hand v; r1 ag; € G', then T} (v;) = false. Due to the
observations made above, 77 is a well defined truth assignment. Now let T, be an arbitrary extension of 7T}
to ¢/1. From this, we define a mapping p: V; — {0, 1} on the blank nodes V; (i € [s]) as follows: For every
i € [s], if Ta(vp4s) = true, then u(V;) = 1, and if T (v,4;) = false, then u(V;) = 0. By extending y to V3
by choosing 1(V4) arbitrarily from {v; | i € [r|}, we know from (2) that (u(V1), u(Y1), ..., u(¥7)) € ¢(G").
Therefore there exists an extension 4" of 4 that maps G, into G’ (i.e. ¢/ is a homomorphism from G, to G').

Moreover, it is easy to check that for every i € [t], u/(Z;) = 1 — p/(Z;). Therefore, the truth assignment T3
on Ty defined by T3(vyys4i) = true if ¢/(Z;) = 1 and T3(vyys4i) = false if p/(Z;) = 1 (fori € [t]) is
well defined.

It remains to show that under the truth assignment T' = 77 U 15 U T3 indeed every clause C; in F’
evaluates to true. To see this, note that for no ¢ € [n|, ¢/(L;1) = p/(Li2) = p/(L;3) = 0, which holds
because G is not contained in G/, and therefore there exists no value for i/ R;) s.t. there are three triples
in G’ with hy, ho, and hs on predicate position, the same value p’( R;) on object position and 0 on subject
position. Hence for every i € [n], at least one L7 ; is mapped to one. But then the corresponding literal /; ;
in F' evaluates to true under T If L} ; is X, (resp. Yy, or Zy), then [; ; is of the form —w, (resp. =gy
or —Wqr+s)- But then, by definition, T'(v,) = false (resp. T (vo4r) = false or T(vg4rys) = false), and
therefore T(lm-) = true. On the other hand, if L;i j is X, (resp. Y, or Z,), then [; ; is of the form v,, (resp.
Vartr OF Ugtr+s). But then, by definition, T'(vy) = true (resp. T'(vo+r) = true or T(vVo4r+s) = true), and
therefore T'(1; ;) = true, which proves the case.

“Only if ” direction) We assume that F is satisfiable, and have to show that there exists a proper subgraph
G’ C G that satisfies (1) and (2). As F is satisfiable, we know that there exists a truth assignment 7} on
21, s.t. for all truth assignments 75 on g there exists a truth assignment 75 on 9, s.t. every C; (i € [n])
evaluates to true under 7' = T} U T U T5.

Given Ty, we define G’ as follows: G' = G \ (Gooo U {7; | i € [r]}), where ; = v; r1 ag if
T (v;) = true and 7; = v; T aqo if T'(v;) = false. (Recall that v; denotes both, URIs in G and variables in
F)

It is easy to see that G’ satisfies C: The first four tgds are satisfied because Goog € G’, hence the
antecedent is not satisfied, and the last tgd is satisfied because 7} assigns exactly one truth value to every
v; € &1, hence for every i € [r], exactly one of the two triples v; r1 a1g.v; r1 ag is not in G’, therefore
again the antecedent of the tgd is not satisfied. From this, it follows trivially that G’ is a proper subset of G.
It therefore only remains to show, that indeed ¢(G’) = ¢(G).
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That is, given an arbitrary tuple ¢ € ¢(G), we have to show that there exists an extension y of the
mapping p defined by (V) = t[V1] and u(Y;) = t[Y;] (for every i € [s]), s.t. 1/ (body(q)) C G’. Towards
this goal, we first define a truth asissgnment 7% on ¢ as follows: For v; € ¥, To(v;) = true if u(Y;) = 1,
and T5(v;) = false if(u(Y;) = 0). We know by assumption that now there must exist some truth assignment
T3 on &g, s.t. every C; (i € [n]) evaluates to true under 7' =T} U Ty U T5.

We now define an extension u’ of 4 (i.e. a homomorphism on the blank nodes not already mapped by 1)
as follows:

W (X;) = 1if T'(v;) = true (resp. i/ (X;) = 0if T'(v;) = false), and p'(X;) = 1 — 1/ (X;) (for i € [r]).
W(Y:) = 1= (V) (fori € [s]). )

W (Z;) = 1if T(v;) = true (resp. p'(Z;) = 0if T'(v;) = false), and 1/ (Z;) = 1 — p/(Z;) (for i € [t)).

It is easy to see that ' (V1) uy 1/ (V1) € G', as all triples in G with u; on predicate position are also in G.
Further, also all triples 1/ (Y;) d 1/ (Y;) (for i € [s]) are in G (resp all triples 11/ (Z;) d p/(Z;) for i € [t)).
Just note that G still contains both, 0 d 1 and 1 d 0, and that x’ maps every Y; and Y; (resp. Z; and Z;) to
different values. To further see that also v; 71 J; . X; p1 J; . X; po J; (for every i € [r]) can be mapped to
G’, consider the extension of p/ by p/(J;) = a W (X, (X;)- Finally, if remains to show that also the triples
Liy b1 Ri . Ljg ho R;. L3 hg R; can be mapped to G’ (for @ € [n]). From the fact that under 7', every C;
evaluates to true, and the construction of x from T, we can derive that for i € [n], not all three of L7y, Ly o,
and L ; are mapped to 0 by . But for all other possibilities of assigning 0 and 1 to Ly, Lj,, and L7 5, the
triples can be mapped to G, just consider p/(R;) = Ap(Ls Yu(LE g )u(LE ) which proves the case. O

Lemma C.9. The problem MINI-RDFSC%(G, R, C, Q), when R is fixed, C = (), and Q may contain
arbitrary CQs is Hg -hard, already if Q contains a single CQ only. The problem remains Hg -hard, even if
R = 0.

Proof. We prove the lemma by reduction from the well-known IT’ -complete problem coQSATs. Therefore,
let an arbitrary instance of coQSATs be given by F' = V1331 A, Ci, where C; = (li1 V li2 V li3)
(obviously, the restriction to 3CNF is w.l.o.g.). In the following, let r = |Z1| and s = |7/1|. We now define G
as follows (Note that for the sake of readability, we first describe the reduction in terms of ternary relations,
namely for the schema S = {Q)/2,C/3, D/3}, and show afterwards its translation to an RDF graph):
Let G = {Q(0,1),Q(1,0),C(0,0,0),C(0,0,1), D(0,0, 1),
¢(0,1,0),D(0,1,0),C(1,0,0),D(1,0,0),C(0,1,1),D(0,1,1),
C(1,0,1),D(1,0,1),C(1,1,0),D(1,1,0),C(1,1,1), D(1,1,1)}
and let Q contain the single query
7= Nim1 C(Lj 1, Lo, Lig) A Nimy Q(Yi, Yi) A Ny @(Zis Zi) A
C(V1,Va, V5) A D(V1, Va2, Va)
— ans(Vq, Vo, V3, Y1,...,Y,),
Y3 ifl;; =24 and z, € 71 and 5 = o
where L;j _ Y3 %f l;j = ~xq and x4 %fl and 0 = «
Zg ifl;j=ysandy, €yrand = —r
Zg ifl;j=-ysandy, €Ehand f=a —7r
We shortly sketch the intuition behind this reduction:

e First of all, it is quite easy to see that over G, ¢ returns all possibilities how to combine the values in
D (i.e. (0,0,1),...,(1,1,1)) with all possible combinations of 0 and 1 of length .
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e If removing any entry from G except C(0,0,0), it is immediate that certain types of results in
q(G) cannot be created any more over G’. (Either all Y; are bound to the same value, or one of
(0,0,1),...,(1,1,1) for (V1, Vo, V3) can no longer be created.)

e Now consider G' = G\{C(0,0,0)}, and ¢(G") = q(G). Then every homomorphism from body(q) to
G’ encodes a satisfying truth assignment for A" ; C;. (For no clause Cj, all three literals are mapped
to false.)

e On the other hand, if F' is satisfied, than every satisfying truth assignment on Ai_, C; gives rise to
homomorphism fi: body(q) — G', s.t. u(head(q)) uniquely describes the truth assignment on .
As A\, C; is satisfiable for every truth assignment on 1, the same results as for ¢(G) are created.

When translated into RDF syntax, we derive the following RDF graph G = G}, U GZ; U Gooo U G4 where
= { 0 hl apol - 0 h2 apol - 1 h3 apol - 0 hl apio - 1 h2 apio - 0 h3 aplo -

1 hl aipo - 0 h2 aiopo - 0 h3 aipo - 0 hl aopll - 1 h2 apil - 1 h3 aopll -
1 h% aipl - 0 h% ajol - 1 h% aiop1 - 1 h% ailo - 1 h% aiio - 0 h% aiio -
1 h% aill - 1 h% a1l - 1 h% aill }

G%l == { 0 h% apopl - 0 h% apol - 1 h% apo1 - 0 h% apio - 1 h% apio - 0 h% apio -
1 h% aiopo - 0 h% ajpo - 0 h% ai1oo - 0 h% apll - 1 h% apil - 1 h% apil -
1 h% aiopl - 0 h% ajol - 1 h% aiopl - 1 h% aiio - 1 h% aiio - 0 h% aiio -
1 h% aill - 1 h% a1l - 1 hg alll }

Gooo = {0 hi agoo - 0 h} apoo - 1 kY agoo}

Gg={0d1.1d0}

which results in Q containing the query
q=Gq— ans(Vy, Ve, V3, Yy, ..., Y,) where
Gy = {YidYi|ie}u

{LZ1 hi R; . L, hl R; . L, hiR;|i€n}u
{(Vint gy . VahiJy . VshiJy . Vih3iJy . Vo h3 Jy . V3 h3 Ji}

It remains to show that this reduction is indeed correct. To see this, consider the following important
claim:
¢(G) = {{0,1}*\ {(0,0,0)}} x {0,1}*

To see that ¢(G) C {{0,1}>\ {(0,0,0)}} x {0,1}*, just note that all triples in G with d on predicate
position, only have 0 or 1 on subject or object position. Therefore the domain for all Y; is {0, 1}. Also, all
triples with k1, hd, hi, h?, h3, and h3 on predicate position contain only 0 or 1 on subject position, which
also restricts the domain of V7, V5, and V3 to {0, 1}. However, there are no three triples with h2, h%, and h%
on predicate position such that V;, V5 and V3 can be all mapped to 0, which is the reason why (0,0, 0) is
excluded.

To see {{0,1}2\ {(0,0,0)}} x {0,1}* C ¢(G), consider an arbitrary such tuple ¢, and the mapping 1
defined by it on Vi, V. V3 and all Y; (ie. p(V2) = ¢[VAl, p(Va) = t[Val, u(V3) = t[V3], and p(¥7) = t[Y]
for every i € [s]). We have to show that y can be extended to a homomorphism ': body(q) — G.
Therefore, define (Y;) = u(Y;) (for every i € [r]). Further, pick p(Z;) arbitrarily from {0, 1} (for i € [s]),
and define p(Z;) = 1 — u(Z;). ThenY; d Y; (i € [r]) and Z; d Z; (i € [s]) are in G. By further defining
p(J1) = auvi)u(ve)u(vs) and the fact that not all three, 1(V1), pu(V2), and p(V3) are 0, it is also easy to
see that {u(V1) hi p(J1) . u(Va) hy u(Jr) - p(Va) hg p(Ji) - p(Va) hi u(ly) - p(Va) h3 p(Ji)

w(V3) h3 u(J1)} C G. Finally, by the same argument,  can be further extended to also map the
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remaining triples in body(q), {L;; hi R; . L, hi R; . L}, hi R; | i € [n]}. By just defining
n(Ri) = au(rr yu(L: )u(L: ) it is easy to see that for every value of u(R;), G contains the correpsonding
triples. 7 ’ 7

Finally we show that F' is satisfiable iff there exists a subgraph G’ C G s.t. ¢(G’) = ¢(G). Therefore,
we show both directions separately.

“If”-direction: We assume that there exists some G’ C G s.t. ¢(G’) = q(G). It is easy to check that this
only possible if G’ = G\ Gogo: If G’ misses one triple from G, then all answers to ¢ over G’ can return
either only 1, or only O for all Y; (i € [r]), if G’ misses both triples from G4, then ¢(G’) = (). On the other
hand, if G’ misses some triples from G, or G2, then at least one of the answers (0,0,1),...,(1,1,1) for
(V4, Vo, V3) cannot be derived over G.

Now let an arbitrary truth assignment 77 be given on Z;. We have to show that there exists a truth
assignment 75 on 3/ s.t. F = /\?:1 evaluates to true under 7' = 77 U T5. Towards this goal, consider some
result from ¢(G’) where Y; = 1 if Ty(x;) = true and Y; = 0 if Ty(x;) = false. By assumption, there
exist exactly seven such results in ¢(G) (however, in the following we consider only the projection onto
Y1,...,Y,, and also do not consider the triples {V; h} Ji . Vo h% Jp . Vs h% J. W h% Ji . Vs h% J1
. V3 h3 J1} from body(q)). From this it follows that there exists a homomorphism 1 (body(q)) — G s.t.
w(head(q)) gives the result defined above. We note that for every i € [r] it holds that 1(Y;) = 1 — pu(Y;),
and for every i € [s] it holds that u(Z;) = 1 — u(Z;).

From this homomorphism, we define a truth assignment 75 on ¢/ as follows. T5(y;) = true if u(Z;) =
1, and T5(y;) = false if u(Z;) = 1. We claim that then F' evaluates to true under T’ = Ty U T5. First of all,
it is easy to see that T is indeed a satisfying truth assignment. p maps every Z; (i € [s]) to either O or 1, as
otherwise there would exists some triple 7: Z; d Z; in body(q) s.t. u(7) ¢ G, which is a contradiction to
the assumption that x4 is a homomorphism. On the other hand, as x4 is a well defined function, every Z; is
also mapped to at most one value.

It remains to show that 7" indeed satisfies F'. To see this, note that forno i € [n], u(L; ) = (L} o) (L 5)
0, as there does not exists a value for p(R;) s.t. u would indeed be a valid homomorphism. Hence at least
one of yu(L; ), u(L}5), and p(L;] ;) must be mapped to 1 (say L; ;). But by the definition of 75 and g, this
means that 7" assigns ¢rue to the corresponding literal in Cj: If L} ; 1s some Y, or Z,, then by definition
lij is a negated variable. Hence, if L7 ; = 1, then T" assigns false to the variable, and [; ; evaluates to true.
If on the other hand, L; j is some Y, or Z,, then [; ; is a unnegated variable, and from L; ;= 1 it follows
immediately that T" assigns true to it.

“Only if” direction Assume that I’ is satisfied, i.e. that for every truth assignment 7 on Z1, there exists
a truth assignment 75 on ¢ s.t. F evaluates to true under T’ = T} U Th. Then we define G’ = G \ Gooo. We
have to show that ¢(G") = ¢(G).

First of all, it is easy to see that for V, V5, and V3, g returns the same results over G’ as over G. As these
variables are also independent of the other parts of the query, we can omit them in the further discussion,
and concentrate on the Y;. Now consider an arbitrary result ¢ in ¢(G) (projected onto Y7, ..., Y,). We define
a truth assignment 77 on & as follows: For every z;, T1(x;) = true if t[Y;] = 1, and Ty (x;) = false if
t[Y;] = 0. It goes without saying that 7} is a well defined truth assignment. By the assumption we know
that there must exists some truth assignmeht 75, s.t. T' = T U T satisfies F.

We now define a homomorphism p: body(q) — G’ from T as follows (again, we consider only the
Y;): For i € [r], define u(Y;) = 1 and u(Y;) = 0 if T(x;) = true, and u(Y;) = 0 and pu(Y;) = 1if
T(z;) = false. Fori € [s], define u(Z;) = 1 and u(Z;) = 0if T(y;) = true, and u(Z;) = 0 and p(Z;) = 1
if T'(y;) = false. Obviously, if u is indeed a homomorphism, then it creates the answer ¢.
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It remains to show that y can be extended to some 1/, s.t. i/ (body(q)) C G. For the triples Y; d Y; and
Z; d Z;, this is obviously the case. For the remaining triples, first note that for no clause C; (i € [n]), all
three literals are mapped to false by T'. By the definition of ¢ and the construction of p, this translates to the
fact that for every i € [n], none of the three triples L; hi R, L, h} R;, and L7, h} R; are mapped to 0
by p: If [; ; is a unnegated variable, then L7 ; is either some Y, or some Z,, and u(L;" j) = 1, because of
T'(l;,5) = true. If on the other hand, [; ; is a negated variable, then L;‘k, j is either some Y, or some Z,, and
n(L; ;) = 1, because of T'(l; j) = true, hence the corresponding variable gets assinged false.

But for every possible combinations of 0 and 1 to L;l, LZQ, and L;‘73 different from (0, 0, 0), there exists
a corresponding values for yi/(R;) s.t. ;i sends the body(q) to G'. Just set pi'(R;) = a, Lz Lz, Lt ,)> Which
proves the case. 0

Considering the results for rule minimisation w.r.t. conjunctive queries, we have to consider the follow-
ing cases: Membership for (I1.a), (I.b), and (I.c), as well as hardness for (I.a), (IL.b), and (II.c). Concerning
the hardness of (I.b), note that both, (I.a) and (IL.b) are special cases of this setting.

Lemma C.10. The problem RDF-RULEMINS “@ (G, R, Q) where R is a set of b-bounded rules and Q
is a set of b-bounded CQs can be decided in PTIME. The problem even remains in PTIME if O is a set of
body-b-bounded UCQs.

Proof. The problem can be decided by the following algorithm:
(1) Compute G = Clr(G)
(2) For every r € R
(@) SetR' =R\ {r}
(b) Compute &/ = Clg/ (G)
(c) For every ¢ € Q, compute ¢(G) and ¢(&'),
and check if they are the same.
(d) If it holds for all ¢ € Q, return “Yes”,
otherwise try next r € R
(3) Return “No”

Under the restrictions assumed on the input, this alorithm runs in polynomial time: By [11, Proposition
9], Clr(G) (and also Clz/(G)) can be computed in polynomial time. As the size of Clr(G) and every
Clgr/(G) is polynomially bounded in the size of the input, and because the body of each ¢ € Q is b-
bounded, also step (2¢) fits into polynomial time, as at most | AD|3® homomorphisms need to be checked
for every ¢ € Q (where AD denotes the active domain).

It is also easy to see that step (2c) still fits into polynomial time if Q is allowed to contain UCQs. 0

Lemma C.11. The problem RDF-RULEMINS “? (G, R, Q), for arbitrary rules R and head-b-bounded
CQOs Q, can be solved in Ag. The problem remains in Ag also for UCQs Q.

Proof. The following deterministic algorithm, using an NP-oracle, decides the problem and requires only
polynomial time:

(1) Compute G = Clz(G)

(2) For every ¢ € Q, compute (and store) ¢ = ¢(G).
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(3)Foreveryr € R

(@ SetR' =R\ {r}

(b) Compute G/ = Clr/(Q)

(c) For every ¢ € Q, compute ¢(G"),

and check if § = ¢(G)

The program returns “Yes” if for some r € R, § = q(@’ ) holds for all ¢ € Q, otherwise it returns “No”.

To see that this algorithm runs in polynomial time using an NP-oracle, consider the following: Step (1)
and (2) fit into AL’ because the number of possible result triples is at most polynomial in the size of the
input, and checking for every possible triple whether it can be derived by a rules or query can be done by
a call to the NP-oracle (for concrete algorithms see the proof of Theorem 4.2 for step (1) and the proof of
Lemma C.3 for step (2)). The timebound for step (3b) holds for the same reason as the one for step (1), just
as the timebound for step (3c) follows immediately from the one of step (2).

Allowing for UCQs does obviously not change these complexity results. O

Lemma C.12. The problem RDF-RULEMINSCQ (G, R, Q), for arbitrary R where Q may contain arbi-
trary CQs can be solved in Hg . The problem remains in Hﬁp even if Q is a set of arbitrary UCQs.

Proof. To prove this result, we devise a nondeterministic, polynomial algorithm that, using a coNP-oracle,
decides the co-problem, i.e. the question whether R is already minimal. (I.e. we show 25 membership for
the co-problem.)

let R ={r1,...,rn}

forevery i € [n],let R; = R\ {ri}

(1) Compute G = Clr(G)

(2) Compute G; = Clr,(G)

(3) Guess n (not necessarily distinct) queries ¢; € Q

(4) Guess n homomorphisms 71, . .., 7, with 7;: body(q;) — G

(5) Check Vi € [n] by a call to a coNP-oracle (i.e. using n calls)
that 7;(head(q;)) ¢ q(G;), i.e. check that for all homomorphisms
72 body(q;) — Gy with 7/(body(g;)) C Gy, whether
(head(:)) £ T(head(g:))

(6) 'R is minimal, if all n oracle calls return “yes”

The intuition of this is as follows. After computing the closure of G under R and under all “candidate”
rulesets R;, we guess for every R; some query ¢ and an answer over G to this query, such that the answer
cannot be created by g over C?i. If this is the case, R cannot be further minimised.

To see that this algorithm indeed runs in polynomial time, note that computing the closure under (subsets
of) R (steps (1), (2)) fits into Af (i.e. into polynomial time with a NP-oracle), and therefore also into Ef .
Guessing the queries and the results of this queries over G (steps (3), (4)) introduces the nondeterminism.
Checking for each result whether it can not be created over G; can be done in polynomial time by a call to
the coNP-oracle. Therefore the overall algorithm requires only polynomial time.

The extension to UCQs is analogously to the proof of Lemma C.4: It suffices to replace step (3) by
(3) Fori € [n], guess Q; € Qand ¢; € Q;
and in step (5) to check that 7;(head(q;)) ¢ Q(G;), which means that the coNP-oracle has to check for
all ¢ € Q; that ¢(G;) does not create 7;(head(q;)). However, this additional check obviously can still be
carried out by the oracle. O
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Lemma C.13. The problem RDF-RULEMINS “@Q (G, R, Q) is coNP-hard if R contains arbitrary rules
and Q is restricted to b-bounded CQs. The problem remains coNP-hard, even if each, R and Q contain a
single element each.

Proof. The result follows immediately from Theorem 4.2 and the observation that the hardness result carries
over: Considering @ = {q}, where ¢ = {S P O} — ans(S, P, O)}, it is obvious that for some R’ C R,
Clr(G) C Clr/(Q) iff ¢(Clr(G)) C q(Clgr/(GQ)). As testing whether such an R’ exists is coNP-complete
by Theorem 4.2, the coNP-hardness for RDF-RULEMINS “@ (G, R, Q) follows immediately.

To see that also the second part of the theorem holds, just note that Q contains only a single element (g),
and that the reduction given in the proof of Theorem 4.2 requires a single rule only, too. O

Lemma C.14. The problem RDF-RULEMINS “@Q (G, R, Q) is NP-hard if all rules in R are b-bounded and
Q contains head-b-bounded CQs. The problem remains NP-hard, even if each, R and Q contain a single
element each.

Proof. The proof is done by the reduction from the well-known NP-complete problem 3-Colorability. Let
an arbitrary instance of co-3-Colorability be given by the graph (V, E) and let V' = {v1,...,v,}. Then we
construct the RDF graph G, the rule set R, and the set of queries Q as follows:

G={0el.0e2.1e2.1e0.2€0.2¢1}
R = {r} withr = {X, e X3} = {0e 0}

Q = {q} with ¢ = {Xq € X3 | (va,v3) € E} — ans()
(where we introduce a new blank node X; for every v; € V).

Clearly, this reduction is feasible in polynomial time. For the correctness, we observe that Clz(G) C
G U {0 e 0}. Hence ¢(Clr(G)) # 0, as the homomorphism that maps every blank node in ¢ to 0 trivially
maps body(q) to G.

It remains to show that r is redundant iff the given graph is 3-colorable.

First, assume that the graph is 3-colorable. Express a valid 3-coloring by a mapping 7: : V' — {0, 1, 2}.
Then we define a mapping 7/: {X1,..., X} — {0,1,2} as 7/(X;) = 7(v;) (where X; is the blank node
corresponding to v;). By assumption, for no two nodes v;, v; € V/, connected by a edge, 7(v;) = 7(v;). But
for all other combinations, the triple 7/(X;) e 7/(X;) is in G, hence ¢(G) # (), and therefore r is redundant.

On the other hand, assume that r is redundant, i.e. ¢(G) # (0. Then there exists a homomorphism
7: body(q) — G. By definition of g, body(q) contains a triple X; e X; for every edge (v;,vj) € E. But
because GG does not contain a triple with e on predicate position and the same value on subject and object
position, all such X;, X; are mapped to different values. This immediately gives a valid 3-coloring for the
graph. O

Lemma C.15. The problem RDF-RULEMINGS: €@ (G, R, Q), where R may contain arbitrary rules and Q
may contain arbitrary CQs, is Hf -hard. The problem remains H§ -hard, even if both, R and Q contain a
single element only.

Proof. The proof is done by reduction from the well-known IT4’-hard problem V-QSAT5. Once more, we
state the reduction in terms of ternary relations only, the translation into RDF syntax is straight forward.
Using the schema S = {D/2,C/3}, we fix G and R as:

G = {D(0,1), D(1,0)}U
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{C(0,0,1),C(0,1,0),C(1,0,0),C(0,1,1),C(1,0,1),C(1,1,0),C(1,1,1)}

and
R ={{D(0,1)} = {C(0,0,0)}}.

Now let an arbitrary instance of of V-QSAT, be given by the formula F' = VZ;3y; A, C; where
C; = (lix V l;2 V 13 3) (obviously, the restriction to 3CNF is w.l.o.g.). In the following, let » = |Z;| and
s = |¢1|. Introducing two new blank nodes X; and X; for every x; € &1, and two new blank nodes Y; and
Y; for every y; € ¥1, we now define the single query ¢ € Q as
Niz1 D(Xi, Xi) A N2y D(Yi, Ya) ANy O(L s Lo, LY 5) — ans(Xy, ..., Xp),
Xg ifl;; =xz4andz, € T and B = «
where L;j _ X3 %f l;j = 72 and x4 %fl and 0 = «
Y ifl;; =ysandy, €yrand f=a —1r

}75 ifl;j = woandy, €yrand f = —r

The intuition behind this reduction is as follows:

For G = Clgr(G), ¢(G) = {0,1}", as can be easily checked. Therefore r is only redundant w.r.t. ¢ if
also ¢(G) = {0, 1}". Now this is exactly the case if F is satisfiable:

If F' is satisfiable, then there exists for every truth assignment on #; a truth assignment on ¢/; s.t. A", C;
evaluates to true. Given an arbitrary homomorphism that maps the first group of conjuncts into GG, we can
define from this mapping a truth assignment on &1, from which we know that it can be extended to a truth
assignment on ¢/ s.t. no clause C; evaluates to false (i.e., in now clause all three literals get assigned false).
We can now translate this truth assignment on ¢, to a homomorphism for the second group of conjuncts. By
the structure of the third group of conjuncts, we can also be sure that none of the tuples C(., ., .) in the body
of the query is mapped to C'(0, 0, 0), and therefore ¢ returns the same answer also over G.

On the other hand, if we now that ¢(G) = ¢(G), given an arbitrary truth assignment on &y, it translates
into one answer to ¢(G). Therefore we know that there exists a homomorphism from body(q) to G. As G
does not contain C'(0, 0,0), we can translate this homomorphism into a truth assignment on F s.t. every C;
evaluates to true. 0
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D Full proofs for Section 6

First note that the intuitive explanation from Section 6 for why the complexity of MINI-RDF*" for cases
that are already NP-hard for the problems considered in Section 3, can now be verified using the algorithms
presented in the membership proofs for Section 3: Obviously, in these cases step (1) can be always replaced
by “Guess a subgraph with at most k triples” without affecting the overall complexity. On the other hand,
the problem also cannot be easier, as this would give an immediate contradiction to the NP-hardness of the
settings considered in Section 3.

Theorem 6.1. The problem MINI-RDF*”4(G, R, C, k) is NP-complete if C = () and R is either considered
as fixed or a set of b-bounded rules (for fixed b).

Proof. We show the membership for R being a set of b-bounded datalog rules and the hardness for a fixed
set of datalog rules.
The following algorithm proves the NP-membership by deciding MINI-RDF¢*"¢

(1) Guess G' C G with |G'| <k

(2) Compute Clr (G")

(3) Return “no” if for some tuple ¢t € G, t ¢ Clgr(G") holds, otherwise return “yes”.
Step (2) requires only polynomial time (R is b-bounded; for a more detailed justification that this allows for
a polynomial algorithm for computing the closure see e.g. the proof of Theorem 4.2). Note that in step (1),
|G’| < k can be replaced by < k or = k without affecting the complexity.

In the main body of the text, we only gave an informal description of the idea of the reduction. It was
left open to present the reduction formally and to show its correctness. Recall that the reduction is from
Vertex Cover.

Consider a fixed set R of rules:

R = {{V neighbour E.V vV} = {E e E};

{EFeFE.Xin X.X succ E} = {E in E};

{Elast E.E in E.V backupv V} = {V oV} }.
Now let an arbitrary instance of Vertex Cover be given by a graph G = (V, E)) and an integer k£’. W.Lo.g. we
assume G to contain no selfloops, i.e. edges (v;, v;). We define an instance of MINI-RDF*? (G™¥ R C, k)
as follows: R is defined as the set of rules given above, C = () and G"¥ = GV U G™9"* U G, where the
partitions contain the following triples:
G = {v; v v; . v; backupv v; | v; € V'}, where we introduce a new URI v; for every v; € V' and, by slight
abuse of notation, use v; to denote both, the vertex in the input graph and the URI in the RDF graph.
GnI" = {v; neighbour e, | forevery v; € V and e, € E with e, = (v;,v;) or e, = (vj,v;)}, where we
again use ey to denote both, edges from the input graph and a new URI for every edge.
For defining G°™?, assume an arbitrary order on the edges in E (i.e. let E = (eq, ..., ey) if |E| = m), and
set GO = {e; succ e;r1 | i € {1,...,m —1}} U {en last ey, .eq in eg.eq succ e1} where eg is some
fresh URI, representing some “dummy” edge. Finally we set k =3« m + 2 + k' + |V]|.

The reduction is obviously feasible in LOGSPACE. Before showing that it is indeed correct, we first
sketch its intuition. Note that the only triples from G"% that can be derived by R are such of the from
v; v v;. Therefore the idea is that those triples with v on predicate position remaining in some valid
subgraph G’ encode a valid vertex cover. To ensure this, the first rule in R adds a triple e; e e; for every
edge covered by G’. The second rule adds e; in e; to G if all predecessors of e; according to the assumed
arbitrary order are covered by G’. Hence if e,, in e,, can be derived for the last edge e, in this order, then
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all edges are indeed covered. If this is the case, the last rule allows to re-insert again the triples v; v v; for
all vertices not being part of the vertex cover, hence the complete graph G™¥ .

Finally we show that the reduction is indeed correct, i.e. that there exists a vertex cover of size k' iff there
exists a subgraph G’ containing 3 * m + 2 + k' + |V| triples, s.t. G"¥ C Clr (G') and |G’| = k. Before we
show the two directions separately, we first comment on the size of G™¥, which is 2sxm + |V |4 |V|+2+m,
where m = | E|. This number is derived as follows: Because every edge connects two different nodes (we
assume no selfloops in G), G™¥ contains 2+ m triples of the form {v; neighbour ey }. It further contains | V|
triples of the form {v; backupv v;}, |V| triples of the form {v; v v; }, the two triples {e,, last e, .eq in ey},
and m triples {e; succ e;11} (fori € {0,...,m — 1}).

“If” direction) Assume that such a G’ exists. We have to show that then there exists a vertex cover of
size k’. First note that the only triples that can be removed from G"% such that G™¥ C Clr (G") holds are
triples of the form v; v v;. Denoting the number of such triples that remain in G’ with r, the size of G’ is
obviously 2 m + |V| 4+ 2 +m + r. (Le. G differs by |V'| — r triples of the form v; v v; from G™¥.)

Now we define a vertex cover of GG to contain exactly those nodes whose corresponding triples v; v v;
arein G',i.e. VC = {v; | v; v v; € G'}. As by assumption |G'| = k = 3xm+ 2+ k' + |V|, it follows that
k" = r, hence V C has the required size. It remains to show that V' C'is indeed a valid vertex cover: Because
G’ satisfies G C Clg(G’), we know that the third rule is applicable, hence that e, in e, € Clg(G’)
(remember the assumed arbitrary ordering on E). By induction along this order, it is easy to check that
e; in ej € Clg(G') only holds if VC' covers all edges e, < e; (again < w.r.t. the the ordering on E).
To see this, just note that ey in ey € Clg(G') iff {e;—1 in ey_1.¢s € eg} C Clr(G’), and that for every
eg the triple ey e ey is in Clg(G’) only if for a vertex v; adjacent to ey, v; v v; is in G'. Therefore from
{em in en} C Clr(G’) we derive that V'C indeed covers all e; € E.

“Only-if” direction) Assume that there exists a Vertex Cover VC' C V with |[VC| < k. We have
to show that then there exists a subgraph G’ of size k s.t. G"¥ C Clz(G’) holds (as C = 0 is trivially
satisfied). We claim that G/ = G™¥ \ {v; v v; | v; € V'\ V.C} is the desired subgraph: Since V' C is a valid
vertex cover, for every edge at least one of its endpoints lies in V'C, say v;. Hence v; v v; € G'. Therefore
{eveer | g € E} C Clr(G'), by the first rule. Because of this, also {e; in e/ | e, € E} C Clr(G'),
which finally allows us to derive {v; v v; | v; € V} C Clgr(G’), which proves the case. The size
|G'| = 3m + 2 + |V| + K’ follows trivially from the definition of G’ and the size of G™¥ . O O

Theorem 6.2. Let G be a RDF graph and C a set of tgds. Deciding whether there exists some ) # G' C G
s.t. G' satisfies C is Y. -complete.

Proof. In the main body of the text, it was already mentioned that this theorem is shown to be correct by a
modification of the proof of Lemma 3.4, where all information implicitly expressed in the set of rules has to
be expressed explicitly as tgds. Therefore, we arrive at the following reduction:

Let an arbitrary instance of QSAT3 be given by F' = 37,V 372 A", Ci, with C; = (L1 V2 V 1 3),
where [; ; is a literal. Let || = 7, |§i| = s and |Z2| = t and let V denote the set V' = & U &> U ¢/; where

fl if ¢ S r
wewrite V ={v; |[i€[r+s+t]}andv; € ¢y ifi>randi<r-+s
To ifi>r-+s
By slight abouse of notation, we use v; also to denote URIs in the RDF graph. Then we define G =
Go1 UGooo UGg1 UGga UGy U Gope and C as follows:
Go1 = {0 h1 agor - 0 ha ago1 - 1 h3 agor - 0 k1 aoo -1 ha ap1o.0 h3 aoio -
1 h1 a100-0 h2 a100 -0 h3 aioo - 0 h1 ap11-1 ho aot1 -1 hg ao11 -
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1 hl aiol - 0 hz aijol - 1 h3 aiolr - 1 h1 aijio - 1 h2 aiio - 0 hg aiilo -
1 hy airn .1 ho a1r.1 hg ain1}
Gooo = {0 h1 aooo - 0 ha aooo - 0 h3 agoo }
Gg =A{viqi ao1.vi 1 arp | i <r}
Gq4_{U'L qa o1 -v; qa ato | T <i <7 +t}
G2 ={0¢2a01.1¢q2a10.1¢3 ap1.0 g3 aio}

Gopt ={vi opt v; |1 <r}
Note that G contains all the triples from the graph in the proof of Lemma 3.4, but in addition the set of
triples {v; opt v; | i < r}. By adding tgds enforcing these triples to remain in every valid subgraph, these
triples are used to express that exactly one of the triples {v; q1 ao1.v; q1 a1} for every v; € 7y has to
remain in every valid subgraph.

The set of constraints is defined as
C:{{OPCLQO()}?{T}|T€G}U

{{R q1 a10. R q1 ap1} = Gooo} U

{{ABC}? {7‘} | T E GolUGq4UGq2UGopt}U

{{V opt V} = {V q AU
~ {VAL, X, XY Y¢:>3A2,Z ZR¢}where
A Al; o Ar—l—s_i A2 Ar+s+1; oo Ar+s+t9
)?:Xl,...,XT,X:Xl,...,XT,
Y=vi,... Y., Y=Y,.. .Y,
7 -
5

=Ry,...,R, and
={viq Ai - Xig Ai . X; g3 Ay | i € [r]} U
{viga A Y2 Ai . Yjq3 A |ie{r+1,...,rs}and j =i —r} and
¢:{Uz-q4Ai.qu2Ai.qu3Ai|z'e{r+s+1,...,r+s+tandj:i—r—s}}u
{Lzl h1 RZ'.L;?:Q ho RZ'.L::g thZ‘ZE[n]}
Xpg ifl;j =vqand v, € 71 and f = o
X'g ifl; j = wq and v, € &1 and 8 = o
whereL;j: }jg %flm-:va andvaegﬁ_)andﬁ:a—r
Y3 ifl;; = ~wpandv, €91 and B =a — 1
Zg ifl;j =vqandvy, € Toand B=a —17 — s

Zg ifl;; = woandv, € Foand f=a —1r —s
Obviously, this reductlon is feasible in LOGSPACE.

First note, that G satisfies C. It remains to show that F is satisfiable iff there exists some G’ C G s.t.
G’ # () and G satisfies C. We show both directions separately.

“If” - direction) Assume that there exists such a G’. We have to show that then F is satisfied. First we
note that every nonempty proper subset G’ of G that satisfies C must not contain Ggg (because of the first
tgd), but has to contain Go1 U Gga U Gg2 U Gy (because of the third tgd), and for every i < r exactly
one of the two triples {v; ¢1 ag1.v; g1 a0} (because of the second, first, and forth tgd). Let G’ be an
arbitrary such subgraph, and define a truth assignment 73 on the variables 7 as follows: T (v;) = true
if {v; ¢1 a1} C G, and Ty (v;) = false if {v; ¢1 ap1} € G’ (i < r). Because of the reasons stated
before, this gives a well defined truth assignment. We claim that 77 is a truth assignment on &1, such that
for every truth assignment on /1, there exists a truth assignment on & such that F' = Ni_, C; evaluates
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to true. To see this, let 75 be an arbitrary truth assignment on ;. From this, we define a homomorphism
p: ¢ — G’ as follows: wu(X;) = 1if Ti(v;) = true, and u(X;) = 0 if Ti(v;) = false. Similarily,
p(Yiiy) = 1if To(v;) = true, and p(Y;_1) = 0 if To(v;) = false. Moreover, u(X;) = 1 — u(X;)
and u(Y;_,) = 1 — u(Yi_,). Finally u(A;) = ayo if i < 7 and Ty(v;) = true, u(A;) = apr ifi < r
and T (v;) = false, and similarily u(A;) = ayp if r < ¢ < r+ s and To(v;) = true, u(A;) = apy if
r < i <r+sand Ty(y;) = false. It is easy to check that this gives indeed a valid homomorphism from
¢ to G'. Now, as we assume that G’ satisfies C, there exists at least one extension z’ of y, that maps also
) to G’ (let i/ be an arbitrary such extension). From this homomorphism, we define the following truth
assignment on Z5: For every v; € Ty, we define T5(v;) = true if p/'(Z;—,—s) = 1, and T3(v;) = false if
W (Zi—r—s) = 0. It goes without saying that this gives a well defined truth assignment. It remains to show
that F' indeed evaluates to true under T = T; U Ty U T5. This is the case if for every C; in F, at least one
literal evaluates to true. To see that this holds, note that for every i € [n], for every value of 1/(R;) it cannot
be that pi/ (L} 1) = p'(L}5) = p'(L] 3) = 0. (As for no value a,y there exist three triples in G’, one with 1
on predicate position, one with /3 and one with h3 such that all have a,,. on the object position and 0 on
subject position.) But by definition L;j = X, (resp. Yo, Z,) if [; j is a positive literal. Hence if Lf’j =1,
T(l; ;) = true. Also, Lj ; = X, (tesp. Yo, Zy) if I; j is a negative literal. Hence again T'(l; ;) = true,
because if [; j = —w,, then T'(vy) = false. Thus F is satisfied.

“Only if ”-direction) Assume that F' is satisfied. We have to show that then there exists a valid sugraph
G'. F is satisfied if there exists a truth assignment 7} on #7 such that for every truth assignment 75 on ¥/
there exists a truth assignment 73 on &5 such that F' evaluates to true. Let T} be an arbitrary such truth
assignment. Then we define a subset G’ C G as follows: G’ = G U Gga U Gg2 U Gopt U G, where
G4 contains for every ¢ < r the triple {v; ¢1 aio} if Th(v;) = true, and {v; q1 ap1} if Th(v;) = false.
Obviously, G’ is a proper subset of G. It further satisfies the first four tgds from C: It contains every triple
from G1; for every i < r (exactly for those 4, there exists a triple {v; opt v;} in 1) it contains one of the
two triples {v; ¢1 a10.v; q1 ap1}; but not both, and also not G, hence the antecedent of the first two tgd
is not satisfied. To show that also the last tgd is satisfied, let x be an arbitrary homomorphism from ¢ to G'.
From this, we define a truth assignment 75 on % as follows: Let T5(v;) = true if i > r and u(Y;—,) = 1,
and T5(v;) = false if ¢ > r and p(Y;—,) = 0. This obviously gives a well defined truth assignment, as y
maps every Y;_, to exactly one value from {0, 1} (all triples in G’ with g2 or g3 on the second position have
either 0 or 1 on the first position). Note that if we define an according truth assignment for Z, this gives
exactly 77. From the assumption we know that for 7] and every truth assignment 75 on %, there exists
a truth assignment 73 on Zo st F evaluates to true. Let T3 be such an assignment. Now we define an
extension y1/ of yuto Ay, Z, Z and R as follows: Fori € {r+s+1,...,r +s+t} let f/(Zi_p_s) = 1
and A; = aqg if, T5(v;) = true, and p/(Z;——s) = 0 and A; = aqo if T5(v;) = false. Moreover,
W (Zi—r—s) = 1 — W/ (Zi—r—s). And finally, for every clause C; (i € [n]) in F, we define p//(R;) = azyz,
where z (y,z. resp.) is 0 if T'(1; 1) (resp. l; 2, l; 3) is false and 1 if it is true. Thereby T =T U Ty U T3. It
remains to show that /(1)) C G'. As the triples {v; g4 Ai . Zi_v_s g2 A; . Zi_r_s q3 A;} are obviously
mapped to G’, only the triples {L;f‘yl hi Ri.Lj5 ho Ri. Li3 h3 R; | i € [n]} remain. For them being also
mapped into G, it is important that the values for L7 ; and R; “fit”. To see that this is the case, just note that,
by definition, p//(L; ;) = 1iff T'(I; j) = true, as can be easily checked. But then, 1/(L; ;) contains exactly
the value encoded in the name of a, . in the first (resp. second or third) position. Now it is easy to see, that
for every pair (hi, azy-), G’ contains a triple {« hq ay}, and the same holds for hy and hg, which proves
the case. As p/ maps 1) to G’, this proves that also the last tgd is satisfied by G’, and we are done. [ [

Theorem 6.3. Let G be a RDF graph and C a set of b-bounded tgds. Deciding whether there exists some
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0 # G C Gs.t. G' = C is NP-complete.

Proof. We only prove the NP-hardness. The proof is by reduction from SAT: Let an arbitrary instance of
SAT be given by the formula F' = A", C; with C; = (I;1 V - - V l; ;) (Where [; ; are literals). We assume
that every variable in F' occurs negated and unnegated. Introducing two new URIs z; and Z; for every
variable x; in F', and one new URI ¢; for every clause in F', we define G and C as follows:
G={l;;inc|i€[n],j€[k]}U
{07 active ¢; | i € [n],j € [ki]} U
{x; clash z; | ; in F'} U
{¢; clause ¢; | i € [n]} and
C = {{X active I.X in J} = {X active J};
{X clash X' . X active I. X" active I' .Y in J} = {Y active J};
{I clause I} = {X active I}} U
{{A B C} = {¢ clause ¢;} | i € [n]} U
{{ABC}= {lf’j inc}t|i€ln],jek]}U
{{A B C} = {zj clash z;} | z; in F'}
where l;j = T if l; j = 24 and l;»"’j = Tq if l; j = 224,
This reduction is obviously feasible in LOGSPACE. It remains to show that F' is satisfiable iff there exists a
subgraph G’ of G s.t. G’ satisfies C. We show both directions separately.

“If”-direction) Assume that there exists such a G’. We have to show that then F is satisfiable. We first
note that the only triples from G not in G’ are triples with active on the predicate position. This is because
G’ # (), and as long as G’ contains some triple, because G satisfies C, it has to contain all triples from G
with clause, in or clash on their predicate position. Now we define a truth assignment 7" on the variables
in F as follows: If for a variable z; in F, {z; active ¢;} is in G’ (for some clause C;), then T'(z;) = true,
and if {Z; active ¢;} isin G', then T'(x;) = false. If neither the one nor the other kind of triple is contained
in G, then, w.l.o.g., set T'(z;) = false. Under the assumption that 7" is indeed well defined, it is easy to
see that F' evaluates to ¢true under 7" Because of the third tgd, for every clause Cj, a triple { X active ¢;}
must be in G’. Now if X is some z;, then x; appears unnegated in C;, hence C; evalutes to true under T
(as T'(z;) = true by the above definition). If X is some Z;, then x; appears negated in Cj, but again C;
evaluates to true under T', as T'(z;) = false by the above definition of 7. Hence it remains to show that
T is indeed well defined: It follows directly from the definition that I" assigns to each variable at least one
truth value. To see that this assignment is indeed unique for every variable, assume to the contrary that this
is not the case. This would require for some variable z;, that there exists a triple {z; active ¢;} in G’ and
another one {Z; active ¢;}. But G’ also contains a triple {z; clash z;}, and therefore, to satisfy the second
tgd, G’ had to contain all triples of the form {I;; active ¢} (for all r € [n],s € [k;]). However, this is
equal to G’ = G, which is a contradiction to the assumption that G’ is a real subgraph G’ C G. This shows
that 7" is indeed well defined, which proves the case.

“Only if ”-direction) Assume that F' is satisfiable. It remains to thow that then there exists an appropo-
riate G'. We define G’ as follows: For every variable z, in F, let
o - {z4 active ¢y | all clauses ¢ containing x,,} if T'(z,) = false
“ 1 {Za active c; | all clauses ¢ containing T} if T'(za) = true
Then we define G’ = G \ {G,,, | forall z, € F'}. Obviously, all tgds with the antecedent {A B C'} are
satisfied by G’. Moreover, as by assumption every variable occurs at least once negated and once unnegated
in F, G,, # 0, hence G’ is a real subgraph of G. It remains to show that each of the first three tgds is

satsified by G'.
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{X active I.X in J} = {X active J}: By the definition of G, a triple { X active ¢;}, where X is either
some x; or Z;, is only removed from G if T'(z;) = false (resp. true). But then, all triples with the URI z;
(resp. Z;) in subject position are removed from GG. Hence, either both, antecendent and consequent can be
mapped to G, or none of them.

{X clash X'. X active I. X" active I' .Y in J} = {Y active J}: As G’ is areal subset of G, this tgd is
violated as soon as for some triple {x; clash Z;}, for both, z; and Z; there exists a triple {z; active ¢;, },
resp. {Z; active c;,} in G'. However, by definition, {z; active ¢;, } is in G’ only if T'(z;) = true, while
{z; active ¢;,} isin G’ only if T'(z;) = false. As T is a well defined truth assignment, this is a contradic-
tion, hence the tgd is satisfied.

{I clause I} = {X active I}: As T satisfied F, in every clause C; of F' at least one literal evaluates to
true under F. If this literal is positive (e.g. x;), then some triple {x; active ¢;} remains in G’ by definition.
If it is a negative literal (e.g. —x;), then T'(z;) = false and {Z; active ¢;} remains in G’ by definition.
However, in both cases the tgd this satisfied. O O

Theorem 6.4. The problems MINI-RDF= (G, R, C) and MINI-RDF< (G, R, C) are XX -complete if C is a
set of full tgds. 25 -completeness even holds for fixed R.

Likewise, let G be an RDF graph and C a set of full tgds. Deciding whether there exists some () # G’ C
G s.t. G' satisfies C is ¥5 -complete.

Proof. We only prove the ¥4’ -completeness for the MINI-RDF= (G, R, C) and MINI-RDF< (G, R, C) prob-
lems. The other ©£’-completeness result (i.e., checking if some §) # G’ C G exists, s.t. G’ satisfies C) is
shown analogously.

The X2’ -membership is established by the same algorithm as in Lemma A.1. Note that there the check
if G’ ¥ ¢ holds for every ¢ € C required a [T}’ -oracle. Now that we are restricting ourselves to full tgds, this
check is feasible by a coNP-oracle, from which the ¥1’-membership follows immediately.

The ¥ -hardness is shown via reduction from QSAT2. We only present the reduction in terms of a
schema S containing also ternary relations, namely S = {V/3,D/2,C/3,C"/3, R/0, R'/0}. The transla-
tion into RDF is analogous to previous translations (e.g., Lemma 3.4) and is therefore omitted.

Let an arbitrary instance of QSAT be given by F' = 37,Vy; \/;_, D;, where D; = (li1 Ali2 Ali3)
(obviously, the restriction to 3-DNF goes w.l.o.g.) and where 1 = {z1,...,2;} and 41 = {y1,...,ys}.
From this we define G, R, and C as follows:

G ={V(2:,0,1),V(2;,1,0) | ; efl}U{D( ,1), D(1,0)} U
{C(0,0,0),C(0,0, 1), C(0,1,0),C(0, 1, 1),
{C(1,0,0),C(1,0,1),C(1,1,0),C(1,1,1)}
{C'(1,1,1),R(), R'()}.
R={{V(X,Y,2)} = {V(X,Z,Y)},
{C"(X,Y,2)} = {C(X,2,Y)},
{R'0} = {RO}}-
C={R(,V(X,Y,2)} = {V(X,Z,Y)},
{R(),C"(X,Y, Z)} = {C(X,Y, Z)},
}
g

U
U

(

{C(X,Y, 2), C”(X Y, Z)} = {R()

{V(X,Y,2),V(X,Z,Y)} = {R()

(0 Lip Ly [12 1<) 0 (Vi X0 K [1€6 <1} 0
(DY, Y) | 1<i <t} = (RO} s

l
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Xo ifljj =24

Xa if li,j = Ty

I Y ifl;; =yg
}75 if l; j = —yg

The idea of this reduction is as follows: Let G’ be a proper subgraph of G, s.t. Clg(G’) O G. Then the
rules in R make sure that G \ G’ may contain the following atoms: By the first rule, for each x;, at most
least one of V(x;,0,1),V (z;,1,0) may be in G \ G'. Moreover, by the last two rules, G \ G’ may possibly
contain C(1,1,1) and R(). The first four constraints in C make sure that G \ G’ indeed does contain one
of V(z;,0,1),V(z;,1,0) for each z; as well as the atoms C(1,1, 1) and R(): By the first two constraints,
if G’ contains R(), then G = G’ must hold. By the third constraint, if G’ contains C'(1,1,1), then G’ also
contains R() and, therefore, again G = G’ must hold. The fourth constraint makes sure that, for each x;, if
G’ contains both V(z;,0,1),V(z;,1,0), then G’ = G.

The idea of the last constraint is as follows: Suppose that G’ is a proper subgraph of GG. By the above
considerations, R() is not contained in G’. Hence, the only way that G’ satisfies the last constraint is that
there exists no homomorphism from the body of this constraint to G’. As in the proof of Lemma 3.4,
every homomorphism from the body of this constraint to G’ defines a truth assignment on the propositional
variables in F'. In other words, such a proper subgraph G’ exists, if the following condition holds:

For each i, there exists exactly one of V' (z;,0,1) and V(z;,1,0) in G’ (in terms of the formula F,
this means that there exists a truth assignment / on the variables in 1), s.t. for any homomorphism from
{D(Y1,Y1),...,D(Yy,Yy)} (i.e., for any extension J of the assignment [ to the variables in 7 ), there exists
at least one atom C' (L;l, L, L;"?)) which is not mapped to an atom in G’ by this homomorphism, i.e.: this
atom is mapped to C'(1,1, 1) (in terms of the formula F', this means that at least one D, is assigned to true
by the assignment J). O O



